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Figure 1: The a x s rectangular Young diagram {a,s G Z>i) to label the T-function 
Ti''\x) of the T-system (IIII])-(lLll) has to be in the so-called (M, A^)-hook. 

1 Introduction 

The T-system plays important roles in the study of quantum integrable systems (see 
for example, earlier papers [H |2], which include the T-system related to Ug{sl{M))). 
It is a system of fusion relations for a commuting family of transfer matrices of solv- 
able lattice models. There is a large class of models whose i?-matrices satisfy the 
graded Yang-Baxter equation [SI H]. In general, their symmetries are described by 
the quantum affine superalgebras [5]. In a series of papers O O [8], we proposed the 
T-system for solvable lattice models associated with Uq(sl{M\N)) or Uq{gl{M\N)). In 
an appropriate normalization, it has the following form Q|: 



1.1) 



for a G {1,2, ...,M- 1} or s G {1, 2, . . . , - 1} or {a,s) = {M,N), 

TW(xg-^)TW(xg) = TS(x)Tf/)(x) for s G Z>^+i, (1.2) 

T^^\xq'')j'^^\xq) = T^^-'\x)T^^^'\x) for a G Z>m+i, (1.3) 

T^^'+'\x) = e,T^^2bi^) for 6 G Z>o, (1.4) 

where a, s G Z>i is assumed; the factor Eh E C depends on the definition of the transfer 
matrices (see, f l3.53p for (m, n) = (M, N)). a; G C is a multiplicative spectral parameter 
whose origin goes back to the evaluation map from Uq{gl{M\N)) to Uq{gl{M\N)), or 
an automorphism of Uq{gl{M\N)). Ti'*''(a;) is a transfer matrix (or its eigenvalues) 
whose auxiliary space (the space where the (super)trace is taken) is an evaluation 
representation of Uq{gl{M\N)) based on a tensor representation of Uq{gl{M\N)) labeled 
by a rectangular Young diagram with a hight of a and a width of s in the (M, A^)-hook 
(see Figured]). In particular, T^^\x) corresponds to the transfer matrix of the Perk- 
Schultz-type model [lOj. In contrast to the bosonic algebra Uq{gl{M)) case, the index 



fusion relation corresponding to for {M,N) = (2, 1) and a = s = I was considered in [9]. 
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a can take arbitrary non- negative integer values. For = 0, the "duality relation" 
(11.41) becomes trivial t[^^\x) = e^^, which means that the M-th antisymmetric tensor 
representation of Uq{gl{M)) is trivial; while this is not the case for > 0. The 
functions T'^\x), Tf'\x) (a, s G Z>o) appearing in the boundary depend on each model 
and the normalization. We sometimes chose a normalization where these functions are 
just 1 (this corresponds to the normalization of the universal i?- matrix). As was pointed 
out in [6], the above T-system is a reduction of the so-called Hirota bilinear difference 
equation [H] . Due to the commutativity of the transfer matrices, the eigenvalues of the 
transfer matrices obey the same functional relations as the transfer matrices. In this 
paper, the eigenvalue of the transfer matrix will be called T-function. These equations 
(ll.ll) -( n~4|) were transformed into the form of the F-system and used [12] to derive 
the thermodynamic Bethe ansatz equations. We also used [13] these equations (11.11) - 
(11.41) to derive nonlinear integral equations with a finite number of unknown functions, 
which are equivalent to the thermodynamic Bethe ansatz equations. We remark that 
T-systems closely related to (ll.ip -( fL4l) also appeared recently in the study of the 
AdS/CFT correspondence in particle physics [El [151 [16] . In particular, two copies of 
a gl{2\2)-like T-system coupled H each other appeared as the "left wing" and the "right 
wing" of the AdS/CFT T-system (in the form of the F-system) [161 [13 • 

The so-called Bazhanov-Reshetikhin formula [2] is a determinant expression of the 
eigenvalue of the transfer matrix for the fusion [18] model whose auxiliary space is 
labeled by a general Young diagram for a tensor representation of Uq{sl{M)) (or 
Uq{gl{M))). This formula also has a tableaux sum expression. The Bazhanov- 
Reshetikhin formula allows a supersymmetric generalization for Uq{sl{M\N)) or 
Uq{gl{M\N)), which may be called "the quantum supersymmetric Jacobi-Trudi for- 
mula" or "the supersymmetric Bazhanov-Reshetikhin formula" [6l [TJ [H] (cf. (I2.35P and 
(I2.36P : see also a recent paper [19], and also [20] for Uq{Bi^^) case). This formula or 
its tableaux sum expression for the Young diagram of rectangular shape gives [6], [3, [H] 
the solution of the T-system (ll.ip - (ll.4l) . The supersymmetric Bazhanov-Reshetikhin 
formula is a quantum affine superalgebra analogue (or the Yang-Baxterization) of the 
second Weyl formula for the transfer matrices since this formula reduces to the super- 
symmetric Jacobi-Trudi formula on the supercharacter of gl{M\N) [2l] if the spectral 
parameter dependence is dropped (this corresponds to the limit x — )■ in our nor- 
malization of the spectral parameter x). Then, it is natural to consider an analogue 
of the first Weyl formula. The first Weyl formula for the superalgebra gl{M\N) is 
often called "Sergeev-Pragacz formula" in mathematical literature [22] (see ( lA.lOl) ). 
In addition, the Sergeev-Pragacz formula has a nice Wronskian-like determinant ex- 
pression [23] . In this paper, we propose Wronskian-like determinant expressions of the 
T-functions for Uq{gl{M\N)) (or Uq{sl{M\N))) for any M, A^ (cf. fl3J[5D - fl3:T6D ). These 
include formulae in our previous paper [24J on f/g(s/(2|l)) and also similar formulae for 

^These two gl{2\2)-\ike T-systems decouple in the limit L — > oo. 
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the bosonic case Uq{gl{M)) [251 ISSl |27l [28] (see also papers from a different approach 
[29[ [30]). In particular for the Young diagram of rectangular shape, these formulae give 
Wronskian-like determinant solutions of the T-system f ll.ip -( fOI) for Uq{gl{M\N)) (cf. 
Theorem 13.31) . We also remark that these Wronskian-like determinants can be viewed 
as generalization of the ninth variation of Schur function in terms of the first Weyl 
formula [3ll[32]. 

The so-called Baxter Q-operators were introduced by Baxter in his pioneering work 
on the eight- vertex model ^33j , and have attracted interest from various point of views 
(see for example, [HI [26l [271 [29l [28l [211 [30]). They belong to the same commut- 
ing family of operators as the transfer matrices. In this paper, the eigenvalue of 
the Baxter Q-operator will be called the Baxter Q-function. Zeros of the Baxter 
Q-function correspond to the roots of the Bethe ansatz equation. We have 2*^"*"^ 
kind of the Baxter Q-functions. And two of them are "trivial" in the sense that 
they can be normalized to just 1. Thus we have 2^"*"^ — 2 kind of non-trivial Bax- 
ter Q-functions. But they are not independent as they obey the functional relations 
fl2Tfl) - fl2J8D (cf. [35l[27l[37l[38l[36l[2ni[39l[40l[4ll[S]). As remarked many times 
[I2l|71[371[n8l[29l[39l[lll[2l], there are equivalent, but different, forms of the Bethe 
ansatz in the model. In our case, there are [M + N)\ different Bethe ansatz. They are 
connected by these functional relations among the Baxter Q-functions fl2.17p - fl2.18p . In 
[7] , we discussed equivalence of the Bethe ansatz in relation to the Weyl (super) group 
for any M, G Z>o. We also find Wronskian-like determinant expressions of the Bax- 
ter Q-functions, which solve the functional relations f l2.17p -f l2.18p (cf. Theorem 13. 2p . 
These determinant expressions are similar to the ones for the T-functions, but labelled 
by an empty Young diagram. In [26], the Baxter Q-operators are defined as trace of 
the universal i?-matrix over g-oscillator representations of the quantum affine algebra 
Uq{sl{2)). This construction of the Baxter Q-operators was generalized in the subse- 
quent papers [271 [SHI [21] • In particular, importance of boundary twists or horizontal 
fields to regularize the trace over the infinite dimensional space was recognized in [26] 
for the first time. Although we do not discuss operator realization of our formulae on 
the Baxter Q-functions, we design our formulae with the construction of the Baxter 
Q-operators in [26] in mind. 

In [25j, it was shown for (yf/(M)-related elliptic models that T-functions for quantum 
integrable models can be treated by methods of classical theory of solitons and discrete 
integrable equations. Moreover a part of discussions in p5] was generalized, in the 
recent papers [39lll0], to (7/(M|A^)-related rational models, where {M + 1)(A^-|- 1) kind 
of Baxter Q-functions were treated. In particular, Backlund transformations among 
solutions of the gl{m\n)-tjpe T-systems (0 < m < M, < n < N) were proposed 
in [39l Ho] (cf. eqs. f l3.58p -f l3l6T|) ). where the problem on gl{M\N) was connected to 
the one on 5f/(0|0). The Uq{gl{m\n))-type T-systems (0 < m < M, < n < N; cf. 
eqs. f l3.50p - p.53p ) in the intermediate step in the Backlund flow have the same form 
as the original T-system fll.ip - fll.4p with {M,N) — )■ {m,n) except for the functions 
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Tq (a;),Ti (x) {a,s G Z>o) appearing in the boundary. The functions Tq (x),Ti (x) 
for these intermediate functional relations are proportional to the Baxter Q-functions 
(cf. eqs. fl3.37p . (I3.38P ). We find that our Wronskian-like determinant formulae explic- 
itly solve all these functional relations (cf. Theorems 13. 3[ [3l4|) . 

In the representation theoretical context, the T-functions can be interpreted as 
the so-called g-characters [13]. Originally, the g-character is defined [13] as a partial 
trace of the universal i?-matrix for some representation of the quantum affine algebra. 
Consequently, the eigenvalue formula of the transfer matrix by the Bethe ansatz has 
a similar E| form as the g-character if the Baxter Q-functions are defined in the nor- 
malization of the universal i?-matrix (this corresponds to case where the vacuum part 
is formally put B to 1). In this sense, the T-functions by the analytic Bethe ansatz 
in [HI [TJ H] are prototypes of the g- (super) characters for the quantum affine superal- 
gebra Uq{sl{M\N)) or Ug{gl{M\N)). Thus our new Wronskian-like expression of the 
T-function is yet another form of the g- (super) character. In this expression, the Weyl 
group invariance of the g- (super) character becomes manifest. 

The size of the Wronskian-like determinant for the T-function is less than (for 
atypical representations) or equal to M + (for typical representations). On the 
other hand, the size of the determinant for the supersymmetric Bazhanov-Reshetikhin 
formula depends on the representation and has no upper bound. In addition, the 
number of the terms in the tableaux sum expression of the T-function is the dimension 
of the auxiliary space. Thus our new Wronskian-like determinant formulae will be 
particularly useful to analyze eigenvalues of the transfer matrices for large dimensional 
representations in the auxiliary space. 

In section 2, we reformulate formulae on the analytic Bethe ansatz in our previous 
papers O [71 E]- In section 3, we propose the Wronskian-like determinant expressions 
of the T-functions and the Baxter Q-functions, and give solutions of the T-system for 
Uq{gl{M\N)). These are our main results in this paper. We will also mention rela- 
tion among these Wronskian-like formulae and the formulae in section 2. In section 
4, we will briefly comment on how to obtain the T-functions for typical representa- 
tions. The factorization property of the T-functions straightforwardly follows from the 
Wronskian-like determinant formulae. In [8], we showed that the T-function for the 
typical representation can be obtained as a deformation of the tableaux sum expres- 
sion of the T-function. We rederive this result for the typical representation from our 
new Wronskian-like determinant formula. In section 5, we see that Baxter equations 
for Uq{gl{M\N)) straightforwardly follow from the Wronskian-like determinant formu- 
lae. They are flnite order difference equations and linear with respect to the Baxter 
Q-functions. Section 6 is devoted to discussions. In Appendix lAj we briefly mention 
representations of the superalgebra gl{M\N) and their characters. It will be good to 

^Compare [44] with [43] , 

^This does not always mean that the quantum space of the model has "zero-spin". Rather, this 
means that the quantum space is arbitrary. 
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see how the T-function in this paper reduces to the character formula (in particular, the 
determinant formula in [23]) of gl{M\N) (or its subalgebras) in the limit x — )■ 0. In Ap- 
pendix [HI we will discuss, the normalization of the Baxter Q-functions. We will prove 
our main theorems in Appendix O In Appendix [Dl we will derive conserved quantities, 
and obtain determinant formulae of generalized Baxter equations for Uq{gl{M\N)). In 
this paper, we assume that q is not a root of unity. 

2 Analytic Bethe ansatz for the Perk-Schultz-type 
models and their fusion hierarchies revisited 

The Perk-Schultz model [10] is a trigonometric vertex model related to the (M + A^) 
dimensional evaluation representation of Uq{gl{M\N)). It is just a representative of an 
infinite set of fusion models. The fusion models related to Uq{gl{M\N)) were studies 
in HH]. In this section, we briefly reformulate formulae for the T-functions of the 
fusion hierarchies of the Perk-Schultz-type models from the analytic Bethe ansatz in 
our previous papers [Gj [TJ [H] , keeping in mind recent developments [391 SOl El] • 
Let us introduce the following sets 

3:={1,2,...,M + N} = mud, 

(2.1) 

05 := {1, 2, . . . , M}, 5^ := {M + 1, M + 2, . . . , M + AT}, 

and the grading parameters 

Pa = 1 for a G ?B and Pa = —1 for a G ^. (2.2) 

Consider any one of the permutations of the components of the tuple (1,2,..., M + N), 
and write it as a (M + A^)-tuple Im+n = (*i, "^2, • • • , "^az+tv)- Of course, Im+n coincides 
with U as a set. Let us take the first a-components (0 < a < M + N) of the tuple Im+n 
and write it as a-tuple /„ = (zi, 12, ■ ■ ■ , ia)- We also take the rest of {M + N — a) compo- 
nents of Im+n, and write it as (M-|- A^ — a)-tuple la = {ia+i, ia+2, ■ ■ ■ , H4+n)- Similarly, 
consider any one of the permutations of the components of the tuple (1,2,..., M) (resp. 
{M + 1,M + 2,...,M + N)), and write it as a M-tuple Bm = (h, 62, • • • , ^a/) (resp. 
A^-tuple F/v = (/i, /2, . . . , /at))- Let us take the first m-components (0 < m < M) of 
the tuple Bm (resp. the first n-components (0 < n < A^) of the tuple F^) and write it 
as a m-tuple Bm = (&i, &2, • • • , bm) (resp. a ra-tuple F„ = (/i, f2, ■ ■ ■ , fn))- We will use 
a symbol Bm x F„ := (61, . . . ,bm, fi, ■ ■ ■ , fn)- We will denote Jq, Im+n, Bq, Fq as 0. We 
also use the symbol / to denote any one of the tuples Jq, /i, . . . , Im+n- In case we need 
not mind order of the components of these tuples la, Bm, Fn, we will treat these as just 
sets, but will use the same symbols. We have (M + A^)! different choices of the tuple 
Im+n- There are (*^^^) different choices of (as sets) for each a, and in total 2*^+^ 
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for all a G {0, 1, . . . , M + A^}. As sets, they form a poset with respect to the inclusion 
relations. Each forms a chain as a family of sets: 

= Jo C Ji C ■ ■ ■ C Im+n, Card(4 \ h-i) = 1, a G J, (2.3) 

where Card(J) is the number of the elements of the set J. We also have an opposite 
family of sets: Im+n = Iq Oi h D ■ ■ ■ D Im+n = 0- 

We will consider functions {Qiaix)}ti^'^ ^ multiplicative spectral parameter x G 
C labeled by {Ia}a=o^ ■ These are the so-called Baxter Q-functions □, which will be 
discussed in what follows. We will use a notation 



QM:=Q7Ax). (2.4) 

We will treat the tuple /„ just a set for Q/„(x) and Qi^{x), where < a < M + N. For 
example, Q(i,2,3)(a;), Q{2,3,i)(2;)5 Q(3,i,2)(a;), Q{i,3,2)(a;), Q(3,2,i)(a;), Q{2,i,3)(a;) are the same 
function and denoted as Q{i,2,3}(3;). There are 2^+^ Baxter Q-functions, in total. In 
this paper, we normalize the Baxter Q-functions as 

Qj(0) = 1 for any J C J. (2.5) 

Before we proceed discussions, we must comment on a subset of the 2'^'^'^^ Bax- 
ter Q-functions. Let us consider the case where the components of the tuple Im+n 
are arranged in the following way: for any a G {0, 1, . . . , M + A^}, la has the form 
{1, 2, . . . , m} U {M + 1, M 2, . . . , M + n} as a set, where m = Card(/a n^), n = 
Card(/an^) and a = m + n. There are ^^l]^!^/' different choice of such Im+n- And in to- 
tal, there are (M + l)(A^ + l)-Q-functions {Q{i,2,...,m}u{M+i,M+2,...,M+n}(a;)}o<m<M,o<n<Af 
labeled by such {/a}aio^. These (M + 1)(A^+ l)-Q-functions (for rational case) essen- 
tially correspond to the ones considered in [39l liO] . 

The eigenvalue formula of the transfer matrix of the Perk-Schultz-type model by 
the Bethe ansatz has the following form H [17] : 

M+N 

'^(r"(^)= Y.P^Mx), (2.6) 

a=l 

where the functions {Xia{x)}t=i'^ defined in the following way. Let us take a 
K-tnple I = (71, 72, . . . , 7x) whose components are mutually distinct elements of 3, 

^Thc Baxter Q-operators (Ai(a;), A2(a;), A3(a;), Ai(x), A2(a:), A3(x)) for Uq{sl{2\l)) in [24 corre- 
sponds to the functfons (Q{2,3}(a;), Q{i,3}(a;), Q{i,2}(a;), Q{i}(a;), Q{2}(a;), Q{3}(2;)) for {M,N) = (2,1) 
with ziZ2Z^^ = 1 in this paper, q in |24j corresponds to here. 

^Here we are considering the case where the auxihary space is an {M + N) dimensional evaluation 
representation of Uq{gl{M\N)). The quantum space of the original Perk-Schultz model is also the 
(AI + N) dimensional representation on each site. In our normalization of the Baxter Q-functions, the 
vacuum part is included in the Baxter Q-functions. Thus the formula has the same form even if the 
model has a more general quantum space [H [H [39l |48] . 
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where 1 < < M + A^. We also introduce (K — l)-tuples I = (71, 72, ... , 7x-i) and 
I = (725 73, • • • 5 Ik)- Then we define functions labeled by I as 



Qi {xq- ^^eJ w-2P7K+^ ) Qi (xg- ^i^i p^+^p 



M-JV , 



Xj{x) Z^^ _ I M-iv . ^ , _y- p I M-iV (2-7) 
Qf{xq ^jeiPj+ 2 )Qi(xg ^jeiPj+ 2 ) 

and 

All^Xj .— 271 „ M-N , — , V- „ M-iV , ■ l^-oj 

We note that the relation '^j^_-^{x) = Xj^{x) holds due the relation J^jeiaPi 
X]jg7 Pj = M — N and (12. 4p . The parameters Za E C correspond to boundary twists or 
horizontal fields; namely we are considering a transfer matrix with a twisted boundary 
condition. The functions Q/(x) for / = or / = Im+n are special. In this paper, we 
will normalize these as 

Q0(x) = 1 (2.9) 

or 

Q0(x) = 1. (2.10) 

In the normalization of the universal i?-matrix, the conformal field theoretical models 
or the g- (super) character, we impose both (12.91) and (12.101) . at least for the case M ^ N 
(cf. [2ni [23 [2H1 [21]; see Appendix [B|). For the Perk-Schultz model, we may use the 
normalization (12.101) and 

Qw(^) = n(i-;^)' (2-11) 



where L is the number of the lattice site; Wj is an inhomogeneity on the spectral 
parameter on the j-th site of the quantum space (the homogeneous case corresponds 
to Wj = 1). (12. lip corresponds to the so-called quantum Wronskian condition. In this 
case, {Q/a(a;)}alt^~^ are polynomials of x for finite L: 

Q^^(-)=n ' (2-12) 

where } are roots of the Bethe ansatz equation: 

_ ^ ^ V^.+,z,^+, Qi.-, {xi^q^'^)Qi^ (x^-g-^P'^'+i )Qj„^, (xj-g^'^+i ) 
P^A Q/._i {xi^q-^^^)Qi^ {xi^q^P^a)Qj^^^ {x[^q-^^^+^ ) 

for A; G {1,2,...,^/^ and a G {1, 2, . . . , M + - 1}. 



"^Here we treat the tuple la just a set for x]^ 
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The condition that the poles of fl2.6p from the zeros of Qi^{x) (1 <a<M + N — 1) 
chancel each other: 

la P.-M^iPia^M + Pi, + ,XI^ + ,{X)) = (2.14) 

produces the Bethe ansatz equation (12.131) . One can obtain a Bethe ansatz system, 
which has one-to-one correspondence with the above mentioned one for the Perk- 
Schultz model by the normalization (12. 9p and 

The rational case of this system corresponds to the one considered in [391 SO]- In the 
context of the theory of the g-character [13], (12. 6 p corresponds to the g- (super) character 
for the M + N dimensional evaluation representation of Uq{gl{M\N)), and Xi^{x) is 
called the "highest weight monomial". 

Let us write the symmetric group over the components of the tuple / (or elements of 
the set /) as S{I). We assume that a G S{I) acts on a G J \ / as a{a) = a. The action 
on J-('7"'(x) is defined as a[J-'*^+^(a;)] := J-"//^+^^(x) = j-W^i)'-fe),...,<x(w))(^)_ 
one interprets the action of cr on Xj^{x), Q/^(x), Za and Pa as cr[A:'/^(x)] = X^^^^^x), 
a[Qi^{x)] = Qo-(/^)(a;), a{za) = z„(^a), criPa) = Pa{a), then one sees that these are compat- 
ible with the definitions and ([22!). Note that cr[Qj(x)] = Qj(x) for any a G S{I) 
such that I C J or I C 3\J. The direct product of the symmetric groups 5'(*B) x S^S) 
corresponds to the Weyl group of gl{M\N) if the parameters {za} are interpreted as 
in Appendix |Al The Q-functions Q/(x) with the same "level" Card(/) are in the same 
"5(a)-orbit". 

As already remarked many times in various context [121 [71 [371 EH |29l |39l HH 
(12. 6p does not depend on the choice of the tuple Im+n since there are relations among 
the Baxter Q-functions (cf. Figure [2]). Let us consider a permutation r G S{Im+n) = 
S(3) such that T{ia) = ia+i, T{ia+i) = ia and t{%) = % ioi h ^ a^a + 1, for a fixed a G 
{1, 2, . . . , M + - 1}. Note that t[Qi^{x)\ = Qi^{x) if 6 ^ a. Thus t[Xj^{x)] = Xi^{x) 
if 6 7^ a, a + 1. Let us write ia = i,ia+i = j,Ia-i = I- The condition rl^^^^^^ (x)] = 

■^{i)'^'^ i^) is equivalent to 

PiXi^ix) +PjXi^^^{x) = PjXr(I,){x) +PiXriI^^^){x). (2.16) 

This implies the following functional relation (cf. [351 [271 [Ml ISll [IB [21]) 0: 

{Zi - Zj)Qj{x)Qiu{ij}ix) = z,Qju{i}ixqP')Qju{j}ixq-P') - ZjQiu{i}ixq-P')Qiu{j}{xqP*) 

for Pi=Pj, (2.17) 

^ Difference between the supercharacter and the character is not essential here as the supercharacter 
becomes the character by the transformation: Za — > —Za for a £ ^. In the theory of the g-characters, 
one usuaUy includes the parameters {za} into the Baxter Q-functions and writes the g-characters in 
terms of the variables of the form Yi^{x) = Qi^{xq)/Qj^{xq'^^). 

^Functional relations similar to (|2.17p appeared in [35] for rational vertex models related to 
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Q{i,2,3,4}(a;) 




Q{i,2}(a;) Q{i,3}(a;) Q{iA}i^) Q{2,3}{x) Q{2,4}(a;) Q{3A}i^) 




Q{l}ix) Q{2}ix) Q{3}{x) Q{i}{x) 




Q0(x) 



Figure 2: The hierarchy of the 2^ Baxter Q-functions for Uq{gl{2\2)). The functions 
Q0(a;) and Q{i, 2,3,4} (a^) are special on the point that they do not contain roots of the 
Bethe ansatz equation, and often normahzed as just 1. The index sets I of the Baxter 
Q-functions Q/(x) form a Hasse diagram. Qi^{x) and Q/^_j(x) are connected by a thick 
hne if \ Ia~i C 03 = {1,2}, a thin hne if \ /a-i C ^ = {3,4}. As a graph, this 
contains many cycles. Minimal non-trivial cycles are 4-cycles, which correspond to 
functional relations among the Baxter Q-functions on the vertexes. 4-cycles containing 
only thick lines correspond to (12.171) for pi = Pj = 1; only thin lines correspond to 
fl2.17p for Pi = Pj = —1; both thick lines and thin lines correspond to (12.181) . In 
addition, the function Xj^{x) ( (12.71) for I = la) lives on the edge which connects two 
vertexes for Q/„(x) and Qj^_^{x). Thus the function J^^^^^(x) ( (12.321) for A C /i = (1), 
1 = la, M = N = 2) lives on a path from Qio{x) = Qti){x) to Q/„(x); the function 

Tll^ix) (cf. (1^^ for A C At = (1), I = 7a, M = N = 2) lives on a path from Q/„(x) 
to 074(0;) = Q{i,2,3,4}(a;), where these paths must not contain more than two functions 
Q/(x),Qj(x) of the same level Card(/) = Card(J). In particular, they do not depend 
on the paths. 
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and also the following (cf. [371 [Ml [291 EH iQl |2l] ) : 



{Zi - Zj)Qiu{i}{x)Qiu{j}{x) = ZiQi{xq ^')Qiu{i,j}{xq^') - ZjQ/(xg*'')Q/u|,j}(a;g 

for Pi = —pj. (2.18) 

In fact, one can easily show the relation f l2.16p based on the functional relations fl2.17p 
and f l2.18p . Functional relations corresponding to fl2.18p were discussed in [391 HQ] from 
a point view of a classical theory of the soliton, and also to fl2.17p in [51]. In addition, 
fl2.17p was proved based on decompositions of g-oscillator representations of Uq{sl{2)) 
[26], Ug{sl{3)) [27] and Ug{sl{2\l)) [21]. ( 12181) was also proved similarly for Ug{sl{2\l)) 
[23]. For Uq{gl{2)) case, fl2.17p reduces to the quantum Wronskian condition. One may 
also unify the above two relations. 

ZiQiu{i}{xq^^)Qiu{j}{xq ~) - ZjQiu{i}{xq ~)Qiu{j}{xq^^) 

= ZiQi{xq~'^^)Qiu{i,j}{xq^^) - ZjQI{xq^^)QIu{^,j}{xq~~^). (2.19) 

Note that the relations f l2.17p and f l2.18p can be rewritten as 

{zi - Zj)Qi{x)Qiu{i,j}{x) = ZiQiu{i}{xq~^')Qiu{j}{xq''') - ZjQju{i}{xqP')Qiu{j}{xq~P') 

for Pi=Pj, (2.20) 



\Zi Zj 



)Qiu{i}ix)Qiu{j}ix) = ZiQi{xqP')Qju{i,j}ixq - ZjQj{xq ^^')Qiu{i,j}{xq^') 

for p, = -Pj. (2.21) 



The form of the functional relations fl2.17l) - fl2.18p are invariant under the gauge trans- 
formation Qi{x) — )■ 5'i(xg^'=eiP'=)(y(2(xg~^'=e/P'=)Qj(x) for all I C 3, where gi{x),g2{x) 
are arbitrary functions of x. Thus one can always chose the normalization (12.91) based 
on this freedom. The same discussion can be applied for (I2.20p - (l2.2ip and (l2.1Up . In 
particular for / = case, f l2.18p with the normalization (12. 9 p reduces to 

{zi - Zj)Qi{x)Qj{x) = ZiQ{ij}{xq) - z^Q[ijy{xq'^) for z G 03, jed, (2.22) 



A2\ in |36] in relation to the ODE/IM correspondence for i?„, C„, -D„. (|2.17p appeared in 
[27] for W3 CFT related to Uq{sl{3)). As for the superalgebra related models, functional rela- 
tions similar to (|2.17p appeared in [29] for rational non-compact s/(2|l) spin chains; in [41], in 
the context of the AdS/CFT correspondence, for rational models related to su{AI\N). In [24], we 
proposed (|2.17p for both CFT and trigonometric vertex models associated with Uq{sl{2\l)). We 
had also reported these functional relations (|2.17I) - (I2.18I) and some Wronskian- like formulae on T- 
and Q-operators for Uq{sl(2\l)) case, before the preprint version of |24) appeared, on many con- 
ferences which include the following two: "Workshop and Summer School: From Statistical Me- 
chanics to Conformal and Quantum Field Theory" , the university of Melbourne, January, 2007 
[http ://www.smft2007.ms.unimelb.edu.au/program/LectureSeries.htmll; La 79eme Rencontre entre 
physiciens theoriciens et mathematiciens "Supersymmetry and Integrability" , IRMA Strasbourg, June, 
2007 [http: / /www-irma.u-strasbg.fr/article383.html, . 
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and fl2:2T|) with fl2A0D reduces to 

(Zi - Zj)Qi{x)Qj{x) = ZiQ{ij}{xq~^) - ZjQ{ij}{xq) for ie^, jed, (2.23) 

where we used abbreviations Qi{x) := Q{i}(x) and Qi{x) := Q{j}(x). Thus Q{jj}(x) 
with fl2.9p (resp. Q^ij}{x) with f l2.10p ) can be expressed as a kind of convolution of 
Qj(x) and Qj{x) (resp. Qi(x) and Qj{x)): Q{ij}{x) = ■^^^z^^Qi{x)Qj{x) (resp. 

Q{jj}(x) = — ^^T^^-^Qj(x)Qj(x)), where D is a difference operator: D/(x) = /(xg) 
for any function f{x) of x. Exphcitly, we have 

CO ^ X fc 

Q{M}(^) = ^^E - Q^{^^-''-'m^^-''-') (2.24) 
fc=o V^i/ 

or 

oo ^ X A: 

Q|,,l(x) = 5^ 5^ p Q.(xg2'=+i)Q,(a;g^^+^) (2.25) 
% fc=0 ^^^ v 

depending on their convergence regions. Or instead, one may expand the Baxter Q- 

function as Q/(a;) = Z^fcLo^f^^^ (-^ = {0' 0)' {^'i}' = 1' '^1''^ •= ^{i}) ^'^d plug 
this into (12. 22 p . Then we obtain 



oo oo / \ (a) (fS) 



a=0 (3=0 * 'i J 



Substitute x = xl^^^\ and x = xI^^^\p' into (I2.17P with fl2.12p . we obtain 
{z, - .,)Q,(x;"«g-^0Q/u{.,}(4"«g-^0 = -^,Q/u«(4"^^^r'^0Q/uO}(-'"^^^ 



(2.27) 

{z. - z,)Q,(4"^^^/0Q/u{.,}(xJ"«g^0 = ^.Q/u{.}(xl"«g^^OQ/u{,}(xi"«). (2.28) 
Let us divide these two equations by one another: 



Q/( xl"^->g^-)Q,u{.|(xl"^->g-^^OQ,u{,,>(xi"^'> g^- 
^.Q,(x;"«g-^0Q/u«(4"^^^g^^0Q/u{„}(xJ"«g-^- 



-1 = - r? ^ ;.':^"":w r^^"'"^"i^m ^ p.=p, (2.29) 

Substitute x = xi^^'^ into fl2J8l) with fl2J2l) . we obtain 

( 12.29P and (I2.30p for / = = ia, j = ia+i coincides with the Bethe ansatz equation 

(EI3D. 
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Figure 3: The Young diagram with shape fi = (4, 3, 2, 1^). 



Figure 4: The Young diagram for the partition /x' = (5,3,2,1), conjugated to = 
(4,3,2,12) in Figured 

Let us introduce notations for the partitions and Young diagrams (see [IH] for de- 
tails). A partition is a non increasing sequence of positive integers /i = (/ii,/i2, . . . )• 
Hi > > ■ ■ ■ > 0. We often write this in the form = (r™--, (r- l)™--i, . . . , 2"^^, l*"!), 
where r = /xi, and rrik = Card{j|/ij = k} is called the multiplicity of k in fi. Two 
partitions are regarded equivalent if all their non-zero elements of positive multiplic- 
ity coincide. Elements of the multiplicity zero should be abbreviated. For example, 
(4,3,2,1,1,0,0) = (4,3,2,1,1) = (5°, 4, 3, 2, 1^) = (4,3,2,1^). We will also express 
the partitions /i as Young diagrams, and will use the same symbol /i for the Young 
diagrams. The Young diagram /i, corresponding to a partition /i, has /ifc boxes in the 
k-th row in the plane (see Figure [3]). Each box in the Young diagram is specified by 
a coordinate € 7?, where the row index i increases as one goes downwards, and 
the column index j increases as one goes from left to right. The top left corner of fi has 
coordinates (1, 1). The partition fi' = fj,2, . . . ) is called conjugate of fi, and is de- 
fined as fi'j = Card{A;|yUjt > j} (see Figure H]). The Young diagram /x' is obtained by the 
transposition of rows and columns of the Young diagram fi. Let A = (Ai, A2, . . . ) and 
/i = (yUi, /i2, . . . ) be two partitions such that /ij > Aj : i = 1, 2, . . . and A^'^ = A^^ = 0. 
We will express a skew- Young diagram defined by these two partitions as A C /i. This 
is the domain given by the subtraction fi — X (see Figure [5]). If A is an empty set 0, 
then X G fi coincides with fi. Each box on the skew- Young diagram X G fi is specified 
by its coordinate on fi. We will also use the 180 degrees rotation of the skew- Young 
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Figure 5: The skew Young diagram A C with A = (2, 1) and fj, = (4, 3, 2, 1^). 



Figure 6: The 180 degrees rotation of the skew- Young diagram A C /i with A = (2, 1) 

and /i = (4, 3, 2, 1^) in Figure [5] is the skew Young diagram with shape X C fi = 
(3^,2,1) C (43,3,2). 
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diagram A C /i, and denote it as A C (see Figure E]): 
A C /i := (/ii - - - . . . - /i2,0) 



it' —A' 

C (/ii' SyUi - AA;,/ii - AA;-i,Aii - • • • - A2,Aii - Ai). (2.31) 

Note that that /I = if /i is a Young diagram of rectangular shape. 

Let us take a i^-tuple I = (71, 72, ... , 'Jk) whose components are mutually distinct 
elements of 3, where 1 < K < M+N. We also introduce /c-tuple Dfc(l) = (71, 72, ... , 7^) 
and {K — k + l)-tuple 0^(1) = (7^, 7^+1, . . . , Jk), where 1 < k < K. Next, let us define a 
space of admissible tableaux Tabi(A C /x) for the K-tnple I on a (skew) Young diagram 
A C /i. We assign an integer tij in each box {i,j) of the diagram. An admissible tableau 
t G Tabi(A C /i) is a set of integers t = {tjk}{j,k)excfi^ where all tj^ G {1,2, . . . , K} 
satisfy the conditions 

(i) tjk < tjj^i^k,tj^k+i 

(ii) tjk < tj^k+i if 7t,fe e 5^ or 7*^. G 3^ 

(iii) tjk < tj+i^k if 7*,, e 03 or 7t^.^^_^ G 03. 

The fusion models are described by the Young diagrams. Here we supposed that 
the fusion is performed in the auxiliary space of the transfer matrix. In particular, 
the T-functions of the fusion models from the analytic Bethe ansatz can be written 
as summation over Young tableaux with spectral parameters O [H E] (see also ^ for 
M > 0, = case, and [20] for Uq{Br^^)). Here we introduce slightly generalized 
versions of such T-functions ri J^lf^^ix) and ^acmI^)- remark that the following 
discussion on the T-functions is essentially independent of the "vacuum part", and 
thus quantum space, where the transfer matrices act, is arbitrary. For any skew Young 
diagram A C /x, define functions 0: 

^Ac.(-)= E n P.,,,^D,,,(i)(x9--'^^^-^^^^-^), (2.32) 

teTabi(ACAt) (j,fc)eACAt 

^U(-) = E n i>.,,,:^.,,,(i)(xg--'^-^^-^^-^^^), (2.33) 

tGTabi(ACM) {j,k)eXCti 

where the summations are taken over all admissible tableaux, and the products are 
taken over all boxes of the Young diagram A C /i; m := card(I fl 03), n := card(I fl 

-'^'^The Young diagram /i in J'^'^' "'*^^^'' (x) is related to the representation of gl{M\N) as (jA.6[) . 
"Eq. (C.8) in [21] corresponds to J'l^^l;^\x) for = 3 and iM,N) = (2, 1) with ziZ2Z~^ = 1. 
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We also set J^^{x) = F(jf{x) = 1, and J^^{x) = ^{x) = and for the non-empty Young 
diagram fi. Note that the admissible tableaux Tabi(A C fi) becomes an empty set if 
the Young diagram X G fi contains a rectangular sub-diagram of a height of m -|- 1 and 
a width of n -|- 1, and consequently fl2.32p and fl2.33p vanish for such Young diagram 0. 
After inspection of (12. 7p . (I2.8p . (12.320 and (I2.33p . one observes the following relation: 

•^acm(^) = •^fei(^)lQj(xg=)^Q,7(<?-) fo^all Jc3, (2.34) 

where s is any shift of the Q-functions in J^\^{x), and I = {'Jk, ■ ■ ■ il2i 7i) is a reversed 
tuple of I. 

Let us take an integer K < K < M + N). The tableau sum formula (12.320 has 
determinant expressions. 

^iU^) = , det (2.35) 

i<i,j</ji (1*^1 J ■') 

= J^^, , (-^£-A.+.-,)N"^""'^""^^''^^^^"'))> (2-36) 

where T]^q-^{x) = J-'^q^ (x) = 1 and J^^^^^^(x) = J^l^^^{x) = for a < 0. We also have 
the same type of formulae for (12.330 . These determinant expressions for K = M + N 
correspond to the supersymmetric Bazhanov-Reshetikhin formulae O E] (see also a 
recent paper |l9j; and for Uq{Bi^^) case, see [20]), which are supersymmetric extension 
of the Bazhanov-Reshetikhin formulae |2]. The determinants (I2.35P and (I2.36P for 
Uq{gl{M\N)), M, N > superficially look same as the ones for M = or iV = case. 
However, one must note that their properties for M, > case are different from 
the ones for M = or iV = case since the conditions of the admissible tableaux are 
different, and that the matrix elements of the determinants are different. 

The above combinatorial tableau sum expressions of the T-functions (I2.32p and 
(I2.33P are convenient for computer calculations. Next, we consider other expressions 
of the T-functions. One can rewrite the above tableau sum expressions for the Young 
diagrams of one row or one column in the form of the non-commutative generating 
series [HI [7] (see also, [251 [391 HQ]). 

W,^(a;, X) = (1 - Xj,{x)X)-P^^ (1 - Xj,{x)X)-p^^ ■■■{!- Xj^{x)X)-p^k 

CO 

= Y.^;^M—'^^'^)^-, (2.37) 

W7^(a;,X) 

= {l-Xj^{x)Xr^^-^^{l-Xj^,Jx)Xr^^-^^ . . . (1 -:Yj^,^^^_^(a;)X)-^™ 
= (1 - Xi,^,{x)X)-^^K,. (1 _ A',,,^^(x)X)-^»^+^ ••■(!- Xj,,^,{x)Xr^^M+N 

12 See [liElIT] for I = Im+n case. 
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oo _ 

^j;:)N-"-^-^)X", (2.38) 



a=0 



where X is a shift operator X/(x) = /(xg^^)X for any function of x; m := card(Ji^n^), 
n := card(/i^ fl 5^), m := card(/_ft' fl 53) = M — m, rT := card(Jx n §') = N — n. We also 
have the inverse of the above generating series. 

Wj^ix, X)-i = (1 - Xj^.ix)XrK ■■■{!- A',,(x)X)P-(l - Xj,ix)Xrn 

OO 

(-l)°J-(',^)(xgi-°-— +— )X", (2.39) 



a=0 



W7^(x,X)-i 

= (1 - (x)X)^H.+. . . . (1 _ (x)X)^--+^ (1-^7, (x)X)^^-+i 

oo _ 

They obey the following recurrence relations (cf. [391 HQ]): 

W,,(x,X)(l - A',,.^,(x)X)-^'A-+i = W,^^,(x,X), (2.41) 

{l-Xj^ix)X)-^^'<^^Wj^Jx,X)=Wj^ix,X). (2.42) 

These generating series fl07|) and flT^ for K = M + N (resp. fl^:^ and flCT]) for 
X = 0), which generate eigenvalue formulae of "real" transfer matrices appeared in 
[6l[7]. In particular, W/^^,(x, X)Wj^(x, X) = W/^^^^^^ (x, X) = Wj^(x,X), corresponds 
to eq. (3.11) in [7\. In addition, from this relation, one can derive the following relation 
for s G Z>o: 



a=0 



This is a generalization of eq. (E.6) in [6J. On the other hand, "Intermediate" (0 < 
K < M + N) generating series (12.371) and (I2.39P were considered El in [391 SOI • Some 
"intermediate" generating series were also written in Appendix E in [6]. We remark 
that the non-commutative generating series of the T-functions similar to the ones in 
[HI [7] were also used recently in the study of the AdS/CFT correspondence in particle 

physics [an [HI ng im HE] . 



We define the action of cr G S{3) on the T-functions as o"[J-'f(-^(x)] = J^xcl' 



X) 



and o"[J-'^(-^(a;)] = J^^[^^(a;). As was pointed out in [391 SO], compatibility of this 



^■^To be precise, the ones in [39l|40] were written in terms of functions corresponding to ()2.45p for 
the rational case. 
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type of recurrence relations fl2.4ip - fl2.42l) . which corresponds to a discrete "zero cur- 
vature condition", reproduces the functional relations among the Baxter Q-functions 
fl2mi -f l2:2T|l . This corresponds to W/^^,(a;,X) = W^(/^+,)(x, X) in the notation 
of fl^TTCD . Therefore r[J'J+'(a;)] = J^^^^)' (x) under the functional relations fl^TTD - 

fl238|) . and thus rl^tc^ix)] = J^i^^^{x) through fl236|) . Similarly, r[jj,"+^(a;)] = 

-^Ac/^l^) under the functional relations fl2.20l) - fl2.21l) . Thus <j[F{^^{x)] = J^i(^^{x) 

and = J^\(^^{x) for any cr e S'(/) or a G 5(3 \ /). This means that the T- 

functions -Fictii^) -^acajI^) independent of the order of the components of the 
tuple / (the order of the gradings) under the functional relations fl2.17p -f l2.2ip . In par- 
ticular, a[J'^*';^(a;)] = J'^cm^(^) ^ ^ ^i"^) ^ ^i^) under fl2Tr|) corresponds to the 
Weyl group invariance of the T-functions, and for a G S{3) /[S{^) x S{^)] under fl2.18p 
corresponds to the stiver- Weyl group invariance (cf. [7J). Note that S{3)/[S{^) x S{^)] 
is not a simple permutation on the parameters {za}', it affects the rule of the admissible 
tableau Tab/^j-^j^(A C /i). 

We can also consider a non-commutative generating series of the T-functions for 
the general skew- Young diagrams A C /x: 



,/ I m — n M — N 



det,<.,<,.(X^-^'-)nW,,(x,g^-^+--i+^-^,X,) 



oo oo oo m'i 



<j£S,,i mi=0m2=0 m,,/ =0 1=1 

Ml 



^ ^mi+A,(i)-a(l)+l^m2+A,(2)-<T(2)+2 _ _ _ ^^p'^ ^'^M )+m'i 44) 

where S"^'^ is the symmetric group of order fi[ and sgn((T) is the signature 
of a permutation a; {Xj} are commutative (XjXj = XjXj) shift operators: 
Xj/(xi, X2, ■ ■ ■ ,Xj, . . .) = f{xi, X2, ■ ■ ■ , Xjq'"^, . . . )Xj for any function /(xi, X2, ■ ■ ■) of 
Xi, X2, . . . . Let us take the coefficient of X^^Xg^ ■ ■ ■ X^r^ in the right hand side of 
fl2.44p . and write it as J^[^^{xi, X2, . . . , We find J^l^^ix, x,...,x) = J^[^^{x) (cf. 
fl2.36p ). Thus J-'^^^(xi, X2, . . . , x^'J is a refinement of J-'^^^(x). We have also derived a 

similar formula for ^AcAt(^)- 

In general, the function (12.320 for I = Ik (resp. fl2.33p for 1 = ) has poles 
from zeros of the Baxter Q-function Qjj^{x) (resp. Qjj^{x)). For example, the function 

^(^/^ (x) under (El]), fl2:T2D and fl2J[5D has poles at x = x[^q^^^'-^'-^ for 1 < a < 
K. And these poles for 1 < a < K — 1 chancel each other as in f l2.14p under the Bethe 



^*The compatibility condition in [351 HO] corresponds to the one for the rational case with = 
-pi^^j. The compatibility condition for the rational case with = Pia+i discussed in |41| . 
is'see eq. (3.14) in [5^ for "classical" case: a; = 0, A = 0, Ir =°(1, 2, .°. .,M + N). 
^^¥or K = M + N case, the poles for a = M + (poles from the vacuum part) are located at 
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ansatz equation fl2.13p . But the poles for a = K still survive. To kill this kind of 
pole, we introduce the following transformations for any (non-skew) Young diagram /i. 

Fj"(x) = Q/,-(xg-'^-^^+^'OJ-i"(x) (2.45) 
under the normalization (12.91) and the functional relations (I2.17l) - (l2.18p . and 

f'"(x) = Q7,(xg^+'^-^'0:F'"(x) (2.46) 

under the normalization (I2.10p and the functional relations (I2.20p - p.2ip . Here Jl is the 
180 degrees rotated Young diagram of /i (see, f l2.3ip for A = 0). 

Let us write these functions for the Young diagram of a rectangular shape /i = 

(s^) as Fi'^^''-(x) = Fjf;)(a;) = Q,^(xg-"^-^+") J-J^)(a;) and f1''^''"(x) = fl^a^ix) = 
Qj^{xq~ ^^^"')T^i^ga){x). In particular for a = or s = case, we interpret them 



as: 



Fi")''-(a;) = Q,,(a;g-^+'^) for a G Z>o, (2.47) 
F(o)'^^(x) = Q7^(xg-'^-') for s G Z, (2.48) 



Fj"^''"(x) = Q7^,(xg^-'^) for a G Z>o, (2.49) 
''^(a;) = Q7^(a;g'^+^) for s G Z. (2.50) 



For a, s G Z, F^f'^'^'^ (x) = if a < 0, or a > and s < 0, or a > m and s > n; 
p(a),/if j-^-j = if a < 0, or a > and s < 0, or a > fn and s > n. 
There are "duality relations" among the functions 



fi+;;'"(x) = n p^'"' I Fi"^"^^''"(^), (2-51) 

Fl:f"(^)= ( n^^^7^1 Fr"''"(^) for aG Z>o. (2.52) 



There are cases where poles from the vacuum part still survive (see (|BlT|) in Appendix E]) . This 
depends on the normalization of the Baxter Q-functions. In any case, we expect that poles from the 
roots of the Bethe ansatz equation disappear. 

— = s — a for /i = (s"). And then we formally put /ii — /i']^ = s for a = and — ji'i = —a 
for s = in (12.45^ and (|2.46p . We included non- vanishing terms on s < for the case a = as in [3^ . 
^^In the context of the analytic Bethe ansatz, the duality relation for (m,n) = {M,N) appeared 

in [6] first. This relation with the factor (jj-ytzj^^ P-yzi!/''^ for {m,n) — {M,N) appeared in [13] (the 

parameters {za} were used as chemical potentials). This factor was also written as a superdeterminant 
in EOl. 
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The T-functions of fusion models obey functional relations called the T-system. For 
a, s G Z>i, fi°'^'^'^{u) satisfies the Uq{gl{m\n))-tYpe T-system: 



for 1 < a < m — 1 or 1 < s < n — 1 or (a, s) = (m, n), 
F('")'^^(xg-i)F("^)'^^(xg) = FS''^^(x)Fi™i''-(x) for s G Z>„+i, (2.54) 
Fi")'^^(xg-i)F(f)'^^(xg) = F(f-i)'^^(a;)F(f+i)'^^(x) for a e Z>m+i, (2.55) 

and F^"'''^^(u) satisfies the Uq{gl{ffi\n))-type T-system: 



for 1 < a <m — 1 or l<s<rl— 1 or (a,s) = (m, rl) 



(2.56) 



F^'"^'^'^(xg ^)F^'"^"^''(xg) = F^'!j'^''(x)F^™!"'''(x) for s E Z^ji+i, (2.57) 
Fj^''^'^(xg"^)Fj^''^'^(xg) = fJ ^^'■^''(x)Fi"^^^''^'^(a;) for a G Z>^+i. (2.58) 



This type of "boundary condition" ([23ZD, dMHD, dMH]), fl230|) was discussed in [391 HQ] 
(for = case, see [25]). For K = M + N (resp. for K = 0), the right hand side 
of f l2.47p . f l2.48p . (resp. f l2.49p . f l2.50p ) become model dependent scalar functions (see 
examples on the inhomogeneous Perk-Schultz models (12. lip . fl2.15p ). And the above T- 
system corresponds to the original T-system fll.ip - fll.4p for Ug{gl{M\N)) [HI [7]. These 
relations (I2.53p -( j2.58p follow from the determinant formula (I2.35P or ( I2.36P and the 
Jacobi identity (IC.Qp . 

The function f^f"^'^^ (x) also satisfies the following functional relations, which 
correspond to the Backlund transformations [391 SO]. 



^"^This should follow from similar discussions given in [39^ for rational case. As we already remarked, 
the Baxter Q-functions in [39] correspond to the rational case of {M + 1){N + 1) subset of 2^'~^^ 
Baxter Q-functions. Thus we have to consider actions of the Weyl group S'(*B) x S{^) to get the whole 

set of the Baxter Q-functions, and also the whole set of Fg"''^'^ (x) and 

^^For these relations for gl{M) related elliptic models were proposed in (5S]. They were generalized 
to gl{M\N) related rational models in '39' (without twist parameters case); [40] (with twist param- 



eters case). The normalization of the spectral parameter of the functions in [3^1 HO] are closer to 
the following (functions with prime): J-'x^^ix) — J'xcp.i^l -^'xcfii^) — •^Ac/i(^9^^^^^^^^)' 

F^^^^'''<(x)_^ Fi")^^-(a:<7-=^), Ff^''"(x) = f1"^''^(x(?^-^^+^), Q'jix) = Q/(xg- ^.^^ ^0, 
q'j(x) = Qj{xq^^<^'P^-^^+^), Xiix) = Xi{xq-^), X'j{x) = Xi{xq-^). In fact, ^^-^M 
have the same type of shift of the spectral parameter as in |39[ I40j if they are written in terms of 
F'i'^)''"(x). 
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The functional relations for p^^, = 1 have the following form: 



s+l 



F('^+i).^K(a;g)Fi7/)'^--(xg^), 
and the functional relations for = — 1 have the following form: 

= ^.KFS'^''"-^(xg)FS/-(xgi), 
F2l'"-^(a;g)FW'^-(xg^) - F^'^-- (x)Fiii^-(xgt) 



(2.59) 



(2.60) 



,,F('^+i)'^--(xg)Fi7/)'^-(xg5) 



(a-l),/x. 



(2.61) 



(2.62) 



There are also relations for F^"'''^^(x). The functional relations for = 1 have the 
following form: 



F, (x)F, [xq 2) - (a;g )F, {xq 



— ^jK^s-i [xq )rs+i [xq ^, 

F2^"^(xg-)Fi"^^'-(xg"i)-Fi"^^'-^(x)F2f-(xg-t) 

= ^ixF, [xq )F3+i (a;g 2 
and the functional relations for pij^ = — 1 have the following form: 

v'-:^'^~'\x)tf''-\xq-'^) - tf\xq-')t:^'^~'''-\xq-'^) 

= Zi^V^_-^ [xq )F,+i (xg 2), 

F,+i (xg )F, [xq [x)^ s+\ [^Q 

■=(a+l),7K/ _i ^■=(a-l),7K-l / _J 

= 2;iA'F, [xq )F,+i (xg ^ 



(2.63) 



(2.64) 



(2.65) 



(2.66) 



The functional relations (^^-^^M foUow from (K5^ - (KW2^ through f lCT|) . 
The functional relations f l2.59p -( PTB^ (resp. f l2.63p - fl2.66p ) connect the solution of 
the Uq[gl[m\n))-tYpe T-system (resp. Uq[gl[fn\n))-tjpe T-system) and that of the 
Uq[gl[m — l|r2))-type T-system or the Uq[gl[m\n — l))-type T-system (resp. the 
f/q((?/(m+l|rl))-type T-system or the ?7g((y'/(m|n + l))-type T-system). Thus an original 
problem on Uq[gl[M\N)) is connected to the one on Uq[gl[()\Q)). 
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Before closing this section, we would like to mention the T-functions for conjugate 
representations (cf. Appendix B in [6]; eq. (3.11) in [21]). We conjecture that they are 
obtained by a manipulation £ for the T-functions: 

<l:za^ z-\ Qj{xq') ^ Q.,{xq-') (2.67) 

for any shift s of the spectral parameter of the Q-functions in the T-functions and for 
any a G J and J G 3. For example, ( 12. 6 p is transformed to 

M+N 

(j:[J-(t(^-(x)] = ^ P^^^IXM], (2.68) 

a=l 

where 

= ^ia^^^^^ — y , mJ V — ■ ^2.69) 

Note that the functional relations for the Baxter Q-functions fl2.17p - p.23l) are invariant 
under (jMB- 



3 Wronskian-like formulae for the T- and Q- 
functions 

In this section, we propose Wronskian-like formulae for the T- and Q-functions (cf. 
fl3.15p . fl3.16p ). and claim that they satisfy the functional relations. Theorems 13. 2[ 
13.31 13.41 are our main results of this paper. We will also mention relation among the 
Wronskian-like formulae and the formulae in the previous section (cf. f l3.67p . f l3.68p ). 
In Proposition 13. 6[ we will rewrite the Wronskian-like formulae f l3.15p and f l3.16p as 
summations over a direct product of symmetric groups, which suggest T-functions for 
infinite dimensional representations. There are Wronskian-like formulae for the T- 
functions for the bosonic case = [23 EHl [23 I2S1 ED] ■ However, our new formulae 
here are not straightforward generalization of the ones for = 0. The size of the 
matrices for the Wronskian-like formulae for the T-functions depends on the represen- 
tation for M, A^ > case. The upper bound of the size is M -|- A^. Note that the size is 
constantly M for A^ = case. There are papers related to rational models for s/(2|l) 
[29] and trigonometric models for Uq{sl{2\l)) [21]. 

^^The Q-function itself is also a function of {zg} and q: Qi{x) — Qj{x,q, zi, . . . , zm+n)- But 
we need not touch these in our normalization of the spectral parameter of the Q-function. Namely, 
€[Qi{xq^ ,q, zi, . . . , zm+n)] — Qiixq"^ , q, zi, . . . , zm+n)- If one applies € to (|2.47p - (l2.66p . one will 
obtain the T-system and the Backlund transformations for the conjugate representations. There 
are cases where T-functions for both fundamental and its conjugate representations are necessary to 
analyze physically interesting models (see for example, ISlj)- 
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We introduce the following infinite matrices 

j^^^-^ ._ I ^'^^''■^ l<k<M,M+l<l<M+N 0^^<l)l<k<M,l& i ^-j 

-^^^^ I i'^'''^) l<k<M,M+l<l<M+N i'^'^''-) l<k<M,leZ i {5 2) 

("^ ''''■) kez,M+i<i<M+N (y^k,i)k,iez 
whose matrix elements are given as follows: 

^k Zl 

\Nkj := 0, 



(3.3) 



-k,l 



Zk - zi 
Wfe,, := 0. 

For Bm = {bi,b2, . . . ,bm), Fn = (/i,/2,- • • ,/n) and Si, S2, ._. , S/j, ri, r2, . . . , r„ G Z 
{m + a = n + P), we define minor determinants of A{x) and A{x). 

x{bi,b2,...,bm),{ri,r2,...,ra)f \ _ ^] ^ ( ^'^^k'fl) l<k<m,l<l<n (^^fc:«i )l<fc<m,l</</3 



./i)l<fc<a,l<Kn (^»-fc.S;)l<fc<a,l</</3 



((-^/J^''=-^Q/.(^r^'^^+^))l<,<„,,<K„ (0).x/3 
-r-(fei,b2,.--,bm),(''l.''2,---,»-Q) / \ _ A i- ( (^^fe'-^' ^ l<fc<m,l<Z<n (^^fc'*i)l<fc<m,l<i</3 



(3.4) 



(fl,f2,--;fn),(si,S2,...,Sis) 



a,l<Z</3 



det ( V )l<k<m,l<l<n ^ ^"'^^ >>l<k<m,l<l<p, 

(3.5) 

where (0)ox/3 is a a x /3 zero matrix. Note that {rk^si} are supposed to be integers, 
but this determinant are still well defined even if they are complex numbers. And this 
fact will be used in section 4. For m,n E Z>o and Young diagram /x, we introduce a 
number, called (m, ?T,)-index p3]. 

^m,n(/i) := niin{j G Z>o|/ij + m-j<n-l}. (3.6) 
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In particular, 1 < C.m,n{p-) <m + l, ^m,o(Ai) = m + 1 and Co,n(yu) = 1 for fim+i < n, and 
Cm,nif^) = m + 1 for fim+i < u < firn- We often abbreviate ^m,n{f^) as ^rn,n- 

For Bm = &2, • • • , hm), Fn = (/i, f2, . . . , fn), X e C, and Young diagram /i, we 
introduce the following functions. 

(/l,/2,.--,/™),(si,S2,...,S5^ -l) ^ ^ y5 V y 



^(fel,b2,...,6m),(/l,/2,...Jn). X / _ 1 Um+n+1) + 



^(/l,/2v,/n),(si,S2v,S^„i^„_l) 



X A!^t:t!:;:::::::::::"!:T'"-'V.^-''-*''o, (3.* 



where Si = + m-n- + / + 1, = //^.^^^^^.^ + A: - 6m,n(/^) + 1- By 

the definition of the (m, n)-index (13. 6p . we have (cf. Lemma 3.2 in [23] ) 

/x/ + m-n-^^_„(/i) + l >0 for 1 < / < ^m,„(/i) - 1, (3.9) 

Aifc - + 1 > for 1 < A; < n-m + em,n(/i) - 1. (3.10) 

Here the increasing sequence of positive integers (ri,r2, . . . , r„_m+^™,„-i) is called the 
Maya diagram for the Young diagram - ^rn,n + 1, 7^2 - ^m,n + !,•••, /i^_„i+g,„ „_i - 
^m,n + 1); the increasing sequence of positive integers (si, S2, ■ ■ ■ , „_i) is the Maya 
diagram for the Young diagram {ni+m-n-^rn,n + ^, IJ'2+'m-n-C.m,n + '^, ■ ■ ■ + 
m — n — ^m,n + l)- Maya diagram is convenient to see relation to the fermion Fock space. 
Thus the above expressions will be useful when we realize the Baxter Q-operators in 
terms of the fermion operators. We will use many times the above formula (13. 7p for the 
Young diagram with a rectangular shape /i = {s"")- We have to consider the following 
four CcLSGS cLS the (m,n)-index (13. 6 p depends on m,n,a,s. 

For a < m — n, we have C,m,n{{s"')) = m — n + 1 and 

T^^a™' "(x) = ^F2fl,'i,...,m-n-a,m-n-a+s+l,...,m-n+s)i^1 ^ "^^ (^-H) 

For a — s<m — n<a, we have ^m,n{{s"')) = a + 1 and 

T-Bm,-Fn/„\ _ / . \(m+n+l)a A -Bm,(l,2,...,n-m+a) / HHiZ^+a-sN (QTO\ 

W - ^Fn,{rn-n-a+s+l,...,m-n+s)y^^ )■ [6.1^) 

For — s < m — n < a — s, we have C,m.n{{s"')) = Tn — n + s + 1 and 

q-B,n,F„f \ _ / -I \(m+n+l)s A gm,(n-m-s+a+lv,"-m+a)/ - ^''"~"' +a-s\ /o i o\ 

l^J - l^-l-J ^F„,(l,2,...,m-n+s) l^^ J- l^d.idj 

For m — n < —s, we have ^m.nll-^")) = 1 and 

q-Bm,Fn^^^ _ ^-Bm,(l,2,...,n-m-s,n-m-s+a+l,...,n-m+a) j-^^- 3(m-n) 
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Now we introduce the most important functions, which correspond to the T- and Q- 
f unctions. 



j{bl,b2,...,bm),{fl,.f2,---,.fn)^^-^ ._ 



r 



(fel,62,...,bm),(/l,/2,...,/n), 



X) 



T 

'0 



(61,62,. ..,6m),(/l,/2,...,/n) 



(0) 



(3.15) 



==(6l,62,...,fem),(/l,/2,...,/n) / n 



7j={bl,b2,---,bm),{flj2,--;fn) ^ s 
7==(6l, b2, ■■■,&»«), (/l,/2, ■■■,/«) /^N 

' lUj 



(3.16) 



On the right hand side of fl3.15p and (I3.16p . a permutation on the components 
in the tuples Bm = (&i, &2, • • • , &m) or Fn = (/i, /2, . . . , /n) in the numerator and 
the denominator induces signs, but they cancel each other. Thus the formulae are 
well defined even if we treat the indexes in the left hand side just a pair of the 
sets {&i, &2, • • • , bm}, {/i, /2, • • • , fn}- In short, they are invariant under the action of 
S{Bm.) X S{Fn). We suppose that the T-functions t(j^'^'---'*^)'(*^+^'^^+^'---'*^+^)(^2;) and 

=p(l,2,...,M),{M+l,M+2,...,M+iV) A ^ ■ If 1 r , , , r 

I ^ [x) correspond to the eigenvalue formulae of the transfer ma- 

trices whose auxiliary space are evaluation representations of Uq{gl{M\N)). As rep- 
resentations of Uq{gl{M\N)), they are labelled by the Young diagram fi. The Young 
diagram is related to the Kac-Dynkin label of a representation of gl{M\N) (and 
thus Ug{gl{M\N))) as in flA.6p . We expect that these two different expressions of the 
T-functions are due to the existence of two kind of evaluation maps from Ug{gl{M\N)) 
to Uq{gl{M\N)) (see eqs. (4.14)-(4.18) in [27J, and also [28]). One can calculate the 
denominator explicitly (cf. [52j). 



(bl,62,...,b™),(/l,/2,...,/n) 



^Q^^^(6„62,...,.„),(/l,/2,...,/„)^Q^ 



(m — n){m-{-n—l) / l i, \ 

-1) ' ^if^lzt)^ 

ni<i<i<m ni<i<j<n 



D(^ ^ -Y) ■-- 

\ Jli 72, Jn I 



(3.17) 
(3.18) 



This is a generalization of the Cauchy identity. This represents a correlation function of 
the 6c-system of the conformal field theory on P^, and is related to the "boson- fermion 
correspondence" . fl3.18p satisfies the following relations. 



D(^ ^ •• 

V /I, /2, •• 


fn J V /l, /2, fn ) 


{Za 




)D(^ ^ 

' V Jl, /2, 


D('/' •• 

V /l, /2, ■■ 


•' ^™-\r\( ''2' ^ 

fn )^\fl, /2, fn, P) - 




Za 1 


□ ('bl, b2, 
^\fl, f2. 


V /I, /2, •• 


■, bm, nf' ^1' ^2. bm \ 

; fn j'-'Kfl, f2, .... fn, P) " 


{Za 




\ fl, 72, 



bm, a 

fn 



bi, b2, 
f2. 



' bi, 62, br, 



bm 
fn 



bi, b2, 
, f2. 



bm, a 

fn, P 



(3.19) 

(3.20) 
). (3.21) 
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The functional relations fl2.17l) - fl2.21l) may be viewed as the Yang-Baxterization o of 

For generic @ Zkj,Xk^i,yk,i,'^k,i in (13. ip . f l3.15p is a generalization of the ninth 
variation of Schur function in terms of the first Weyl formula [3ll|32]. In fact, T^*''®(a;) 
corresponds to eq. (1.7) in [32]. It is interesting to reformulate discussions in this paper 
based on the Gauss decomposition of a sub- matrix of A{x) along the line in [32] . 

We will use the following lemma (cf. [46l El [7]). 

Lemma 3.1. // the Young diagram fi contains a rectangle with a hight of {m + 1) and 
a width of {n + 1), the functions (I3.15P and (I3.16P vanish. 

This can be proved by the fact that the (m, n)-index (13. 6 p becomes larger than or 
equal to m + 2 in this case. We impose the normalization (12. 9 p (resp. (I2.10p ) when we 
use (I3.15P (resp. (I3.16P ) from now on. Now we mention one of the main results in this 
paper. 

Theorem 3.2. 



Qb„uf„(x) = Qb„xF„(x) = j;-'"{xq—) (3.22) 

solves the functional relations for the Baxter Q-functions (I2.17p - (l2.18p under the rela- 
tion (12.221) and the normalization (12. 9p . and 

QBmUFrXx) = Qb^xf„(x) = T^'""^"(a;g"'V^) (3.23) 

solves the functional relations for the Baxter Q-functions (I2.20p - (l2.2ip under the rela- 
tion (I2.23P and the normalization (I2.10p . 

A proof of this theorem is given in Appendix lU.ll Let us write the above formulae 
explicitly. For m > n, we have 

o . . _ (-i)^(— )(-+-^) nr=i K=M. - ^/j 



ni<fc<Z<m(^^fe ^h) Y[l<k<l<n(^fl ^fk) 



l<k<m,l<l<m~n 

l<k<m,l<l<n 



(3.24) 



^■^In the context of the conformal field theory, the author found the identity (|3.17l) in [53 first. Then 
he heard from Yasuhiko Yamada that this identity naturaUy follows from a method, for example, 
in [54]. One may say that the Baxter Q-functions or Q-operators are the Yang-Baxterization of 
correlation functions of the conformal field theory. There are higher genus analogues of correlation 
functions of the conformal field theory. They were used to calculate string amplitudes. Whether 
such correlation functions also allow the Yang-Baxterization as Q-functions or Q-operators (or more 
generally, T-functions or T-operators) will be an interesting question. 

^^without assuming 
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since ^m,n(0) = m — n + 1. And also for m < n, we have 



Q{6l,62,...,6m,/l,/2,-,/n}( 



X] 



Y[l<k<l<mi^bk Zhi) Y\.l<k<l<ni^ fl ^fk) 

'^{bk.fi}(-'i"'-"y 



X det I ^ ^ i<fc<m,i<Kn I (3.25) 

since ^m,n(0) = 1- We remark that for {m,n) = {M,N) case, the denominator in the 
right hand side of f l3.15p or f l3.16p can be replaced by T(f^'''^^{x) or T^"'^'^(x) if both 
([21]) and f l230|) are imposed at the same time. (13:221) and (K23^ for (m, n) = (M, A^) 
are supposed to be model dependent scalar functions (for example, (12.1ip . f l2.15p ). 
which correspond to the quantum Wronskian conditions. One can obtain other relations 
B by applying (l^TBT]) to the determinants IKTI^ and flX^ for (m, n) = (M, A^). 

We have normalized the Baxter Q-functions as in (12. 5p . This normalization is 
convenient when we realize the Baxter Q-operator as super-trace over a g-oscillator 
representation of Uq{gl{M\N)) [55] since the final expression of the Q-operator does 
not depend on choice of the vacuum of the Fock space where the super-trace is taken. 
In this normalization, one can also easy to see that the T-function reduces to the 
(super) character formula of gl{M\N) (or its subalgebras) in the limit x 0. Of course, 
one may adapt different normalizations of the Baxter Q-function. Let us consider the 
following transformation (cf. eq. (65) in 



It will be good to put 



£li{x) = aix^'Qi{x). (3.26) 



S, = 5^S„ (f^^=zf (3.27) 

to simplify the formulae. For a/ = 1, (12.171) and (12.181) become 
^ ■ — ^ ■ 

for Pi=Pj, (3.28) 



[ZiZj)2 



y — ^i:iiu{i}{x)£liu{j}ix) = £li{xq ^')^/u{*,j}(a;g^') - ^/N^")^/u{*,j}(a;g 

{ZiZj)2 

for Pi = —pj. (3.29) 

If one requires S/J^^^J^ = for (13.271) . one obtains Sj = — S/ and jH^^l^^^/ = 1 since 
Sj + Sj = S/^,^^, where 7 =3\I. We used (13:281) - (13:291) with S/„^^ = and O/ = 1 
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See, eq. (3.1) in 24 , where both ()2.9p and ()2.10p are hnposed. 
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for f/g(s/(2|l)) case [2l]. In the case of the Baxter Q-operators, the parameters Si are 
certain hnear combinations of the Cartan generators of Ug{gl{M\N)) and external field 
parameters; and in the case of the Baxter Q-functions (eigenvalues), they are conserved 
quantum numbers (edge occupation numbers). In addition to f l3.27p . one may require 
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PiPj 



aix(i,j) 



[ZiZj)2 



Cl/x(j)Ct/x(i) 



(3.30) 



Thus one obtains: 



(^{1142, ■■■,ia) 



■ a( 



a, 



a-l 



n 



(3.31) 



In this case, the parameters fzj} in ( 12. 17p - ( 12718]) disappear. In fact, (I2.17P and (I2.18P 
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become coefficient free form| 

n/(x)n/x(i,i)(a;) = £lix{i)ixq^')£ljy,Q){xq''P') - £li^(i){xq'^')£ljy,Q){xq^') 

for Pi = pj, (3.32) 

n7x(i)(a;)n/x(j)(a;) = £li{xq-P')£liy,(ij){xqP^) - £ii{xqP')Qi^(^ij){xq-P') 

for Pi = —pj. (3.33) 

Moreover, one can eliminate the parameters {zj} in the T-functions by the following 
transformation (with a© = 1): 



X). 



(3.34) 



The discussion on Q/(x) and T^'"'""(x) is parallel to the one on Q/(x) and T^""^"{x). 

Let us consider the formulae (I3.15P and (I3.16P for the rectangular Young diagram 
fj, = {s"-), and introduce the following symbols: 



-p(a),Bm,-Fn I 



Tf™)'^"(x) 



for a, s G Z>i, 



x) := < 



^•"'^"(xg"") for a = and s G Z, 
(xg") for s = and a G Z>o, 
otherwise, 







(3.35) 



°Here we used tx notcition! / x {i^ — (zi,Z2,...,Za,z,j) etc. for / — (^i;^2i ■ • ■ i^a) • 
^^The second functional relation in the coefficient free form ()3.33p is discussed in [39] 
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and 



T„ (x) 



for a, s G Z>i, 
^u.L/ ; for a = and s G Z, 



Tg"" "(xg for s = and a G Z>o, 
otherwise. 



(3.36) 



Due to Lemma EH Ti^^'-^^-^-fx) 



—{a),Brri,F„, , 



if a G Z>m+i and s G Z>„+i. 



Tr"-'-(a:) = Q^,„u^„(xg-^+'^) for a G Z>o, 



Taking note on Theorem 13. 2[ one finds: 

-(a),Bm,F„ 




for s G Z, 
for a G Z>o, 
for s G Z. 



(3.37) 
(3.38) 
(3.39) 
(3.40) 



The following formulae follow from the Laplace expansion of the determinants, 
(I337D-(I33QD and Lemma O 
For a — s < m — n, we have 



E 

/C-Bm,Card(7')=a 



(n 



7g/ ^7 J 



(3.41) 



T, (a;) 



E 

/C-Bm,Card(/)=a 



(n 



7e/ ^7 



1 s—a+m—n 



X QB™uF„\/(a;g'+~)Q/(a;g" 



(3.42) 



where the summation is taken over all the subset / of 5^ such that Card(/) = a. We 
remark that the right hand side of f l3.4ip and f l3.42p is well defined as a function of x 
even if s is not non-negative integer. Based on this fact, one can derive T-functions 
for conjugate representations by considering negative s (as examples for f/q(s/(2|l)) in 
j). In fact, applying ( I2.67P to f l3.4ip . we obtain the following relation: 



e:[T(")'^'"'^"(x)] = ^-lYi"+l)^b&B^^^^^ ^jgj^^ ^^^^ gj^g ( 13:^ ] 



n 



7 



s— >— s— (m— n) • 



(3.43) 
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For a — s > m — n, we have 



naeF„\jn/3ej(^" - zp) 



JCF„,Card(J)=5 -I i«eF„\J i i/3eJ^ 

X Qi..uF„v(^g''-"^)QiN-""'"^), (3.44) 



JCF„,Card(J)=s 



X Qh,„uk.v(^?""^^)Q^(^9"'"^)' (3-45) 



where the summation is taken over all the subset J of Fn such that Card(J) = s. We 
remark that the right hand side of f l3.44p and f l3.45p is well defined E§ as a function of x 
even if a is not non-negative integer. Note that QbmuFn\i{^) = Qii^), QbmuFn\j{^) = 
Qj(x) for {m,n) = {M,N). Thus the relation j'f^'^^"^'' (x) = j'f^'^"''^'' (x) holds if 
both (12.91) and fl2.10p are imposed. In particular for a = m or s = n case, the above 
formulae factorize with respect to the Baxter Q-functions: 

TM,i^™,^.(a;) = ( J] z^y-- H Hiz^- z,)Qp^ixq-^-'^)QnJxq^-''^), (3.46) 

Tr'"-""(x) = ( n -7)- n n(-«--/^)Q-^N^""^)Q-"^N"^""^) (3-47) 

-yes 

for s > n, 



and 



m-~n , 



2 



(3.48) 
(3.49) 

for a > m. 

In [39], this type of factorization formulae for the T- functions were treated as "boundary 
conditions" of the Hirota equation. These formulae (I3.46p -( l3.49p are related to the T- 
functions for typical representations, which will be commented in section 4. Now we 
mention our main theorem. 



^*We expect that each term in the right hand side of (I3.4ip - p.45p corresponds to a T-function 
for an infinite dimensional representation of Uq{gl{M\N)) (or Uq{sl{M\N))). See examples for some 



special {M,N) in [171121]. 
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Theorem 3.3. Fora,s G Z>i, the determinant formula fl3.35p solves the T-system 

+ t('^-i).s-.^"(x)t('^+i)'^-'^"(x) (3.50) 
for 1 < a < m — 1 or 1 < s < n — 1 or {a,s) = (m, n), 

)'^'-^"(xg-^)T('")'^™'^"(xg) = tS''''"'^"(x)T^''''"'''"(x) /or s G Z>„+i, (3.51) 
T(f)'^™'^'^(xg-i)T(f)'^'"'^"(xg) = T(;^-i).B™.^n(3;)T(a+i),B^,F„(^) ^ ^ Z>m+i, (3.52) 

Ti:f'"'^"(:^)= T^-)'^-^-(x) for 6GZ>o, (3.53) 

with the boundary conditions (13.371) and (I3.38P ( and also (I3.46P and fl3.48p ) under the 
relation f l2.22p .- and the determinant formula f l3.36p solves the T-system 

T, [xq )T, [xq] = T,„i (a;)L+i (x) 

+ t(-i)'^™.^"(^)t('^+i).^'"'^"(^) (3.54) 

/or l<a<m — 1 or l<s<?2 — 1 or (a,s) = (rri, n), 
T, [xq )T, (xg) = T,_i (a;)T,+i (x) /orsGZ>„+i, (3.55) 

r={a),Bm,Fri , _i.^{a),Bm,Fn, , — (a- 1) ,F„ , , — (a+l),Bm,-Fn / x „ „ /„ rr\ 

Tn (a;g )T„ (xg) = T„ (x)T„ (x) /or a G Z>„+i, (3.56) 

=p(m),B„,F„, , / n7eB„ ^7 \ 3p(b+m),B„ ,F„ , n r , /qk'tN 

Tfe+n (a;) = T-r /_ X T„ (x) /or 6 G Z>o (3.57) 

wzi/i the boundary conditions (13.391) and (I3.40p ( and also (I3.47P and (I3.49P ) under the 
relation ( K23^ . 

A proof of this theorem is given in Appendix IC.2I 

Our new determinant formulae also satisfy the Backlund transformations [39| HQ]. 
The following theorem is also one of our main results. 

Theorem 3.4. For a, s G Z>o, the determinant formula (I3.35P satisfies the Backlund 
transformations 

j(a+l),B„,F„j^^-j j(a),B„_l,F„j^^^|^ _ j{a),Bm,Fn ^^^^j{a+l),B„^-i,Fn ^^^^^ 

= ..™Ti!.V^'"-""(xg)T2f™-^'""(xg^), ^'-''^ 



TSl^-'^"(xg)Ti'^)'^--^"(xg^) - T('^)'^'"'^"(x)T2f--'^"(xgt) 

^,^^T(a+i),B.,F„(^^)-ri7/)'^'"-'^"(xgi), ^' 
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'2 ), 



under the relation (12.221) . and the determinant formula fl3.36p satisfies the Bdcklund 
transformations 

T, {x)T, [xq 2)-T, [xq )J, [xq 2) 

— 2;6„i I s_i j 1 s+i [xq 

T,+i (a;g )T, [xq ^j-T^ {x)T^^^ [xq 2) 



L [xq 2)-T, (xg )T, (xg 2) 

= Zf^Js-i m )T,+i [xq 2), 

' s+1 l^jg jl^ (xg 2j — 1^ (xj I (xg 2j 

— ^/n ' s \XQ ) I s+1 l^jg 2 j 

(3.65) 

under the relation (I2.23p . 

A proof of this theorem is given in Appendix IC.3I Due to Lemma 13.11 some terms 
of the above functional relations (I3.58p - p.65p vanish for large s, a. As remarked in 
[39], this type of functional relations contain TQ relations as special cases. Due to 
(13:38|1 and ([330]), the functional relations fl338]) . (ICT]) . (13:62]) and (ITO]) reduce to 
TQ relations for a = and s G Z>i. Due to ( I3.37P and (13.39^ . the functional relations 
(13. 59 p . (I3.6ip . (I3.63P and (I3.65P also reduce to TQ relations for s = and a G Z>i. For 
example, (I3.58P reduces to 

= ^6„Ti'2f'-''"(xg)QB_,uF„(xg-^-'^) for s G Z>i. (3.66) 

Considering the action of ^(^B) x S'(5^), one sees that the above equation (I3.66P essen- 
tially corresponds to eq. (4.6) in [39]. These are difference equations on the Baxter 
Q-functions {Q/(x)} or {Qj-(x)} for different "levels" Card(/). In section 5, we will 
mention different type of TQ relations (we will call them "Baxter equations"): differ- 
ence equations on the Baxter Q-functions for the same level. 

Let us mention relation among the formulae in the previous section and the ones 
in this section. Our claim is: 
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Conjecture 3.5. We conjecture that the following relations on fl3.15p . (13.161) . fl2.45p 
and (12.461) for the (non-skew) Young diagram fi hold: 

Tj-^"(x) = Fj'"^^"(x) (3.67) 
under the normalization (12.91) and the functional relations (12. 17p -( 12.181) . and 

T^'^"(x) = F;^-^^"(a:) (3.68) 
under the normalization (I2.10p and the functional relations (I2.20p - (l2.2ip . 

For an empty Young diagram [i = (I3.67P and (I3.68P reduce to (I3.22p and (I3.23p . 
respectively. We have proved the above relations for /x = (1) based on direct com- 
putations similar |^ to the ones for Uq{gl{M)) case in section 7 of [56]. As for the 
rectangular Young diagram fi = (s") (a, s G Z>i), the above relations follow from the 

fact that Ti'^)'^'"'^"(a;) and Fi")'^™^^"(x) (resp. t^^'""""^" (x) and (x)) satisfy 

the same the functional relations with the same boundary conditions. As for Ug{gl{M)) 
case, the relation (13.670 follows from Theorem 3.2 in [32]. The relations (I3.67p - p.68p 
for general case are conjectures based on numerous check by Mathematica. And the 
proof is under investigation. 

We have other expressions of the Wronskian-like formulae (13.150 . and (13.160 . Let 
us introduce the following functions: 

^(6i,b2,---,6m),(/i,/2,.--,/n)(^2;) := JJ^ jz^' Qfo (xg^'^' "^'"^^"^ "^'^'i ^'^^ ) 
X Yl (-2/J^^+"-'"-^Q/.(a;g-2'^^+2i-i+^+K-w) 

i=l 

n 

X n (-^/J"-'Q/,(xg-2(™-*)-i+'^+^'i-'^i) (3.69) 



and 



i=l 

1=1 



^^But, in our case, we need numerous case study (similar to the ones in Appendix [Cl) depending on 
the values of to, n. 
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X n (-^/J"~'Q/,(a:g2('"-*)+^-'^-'^'i+''0, (3.70) 

where /m,„ = /i^^ „ + 1, r^,„ = n - m + - Then we find 

Proposition 3.6. The determinant formula (13.151) can be expressed as 



Y{bl,b2,..;bm),{fl,f2,--;fn) I 
-p(fel,62,...,b,^),(/l,/2,...,/n),'3,N ^ "'g.g(gm)x5(F„) 

e^,n(/x) + i)!D(j-j-:;^,:) 



sgn(w)w [t 



(fel,62,.--,bm),(/l,/2,.--,/n)^^ 



V /l, 72, /n / 



(3.72) 



under the functional relation (I2.22p .- anc? i/ie determinant formula (I3.16P can be ex- 
pressed as 



sgn(w)w 

— (fel,62,...,6m),{/l,/2,...,/n)^^^ «>eS{B™ ) X ) 

(m 



, 62, ■■■,fem),(/l,/2, ■■■,/«) j^^^ 



sgn{w)w 

weS{Bm)xSiF„)/H 



:^(fel,62,---,6m),(/l,/2,...,/n)j^^-j 



(3.74) 



under the functional relation (I2.23P . where sgn(w) zs i/ie signature of w; H is 
a subgroup of S{Bm) x S{Fn) whose elements w = x aj are such that ab 
is a permutation of (&§„,„, &m) and aj is the same permutation of 



Note that t^'"'-^"(x) is invariant under the action of H. For {m,n) = {M,N), 
(I3.7ip and (13.730 are invariant under the action of the Weyl group S{Bm) x S{Fjq) of 
gl{M\N). Proofs of the above formulae are similar to x = case (see Theorem 3.4 in 
|23j). where the following relation will be used: 

- Zf Zb- Zf ^ 

where 6 G / G 5- This relation follows from ( 12.22p . There is a similar relation 
among Q^b,f}{x), Qb{x), Qf{x). The finite dimensional modules can be written in terms 
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of a direct sum of infinite dimensional highest weight modules due to the Bernstein- 
Gel'fand-Gel'fand (BGG) resolution. In this respect, the function f l3.69p and fl3.70p 
divided by f l3.18p for (m, n) = (M, A^) may be interpreted as T-functions for infi- 
nite dimensional highest weight representations of Uq{gl{M\N)) (compare the above 
formula with eq. (5.21) in [27] for Uq{gl{3)), and also formulae in [261 ill |2ll EO]). Of 
course, this needs further research in view of the fact that the BGG-type resolution 
of representations of superalgebras is more involved than that of bosonic algebras (cf. 
[57]). 

Let us introduce linear operators, which act on the variables {zi,Z2, . . . , zm+n} as 

Ba(3;) ■ Zi^Z2^ ■ ■ ■ ^A^V^Y = 2i^^2^ ' ' ' ^M+N ^ai^Q^ ""^ ''^")) (3.76) 



M+N ~ ^1 ^2 ^M+N 

(^\ . ^fcl ^te _ _ _ kM + N _ kl ^te _ _ _ kM + N-F) (^^-{2ka + l)pa^ 

l->ay-^) Z^ Z2 ^M+N ~ ^1 ^2 ^M+N^aK-^-H 

for a G {1,2,...M + A^}, 



(3.77) 



where one should write any term like -^^p^. as Xlfclo ^ ^^f before the actions of these 
operators. For example, for 6 G 23, / G and a G J (a 7^ 6, /), we have 

Ba{x)B,{x)Bf{x) = VB„(a;)B,(x)B/(x) ■ z-'^-'z'} 

Zb-Zf ^ 



k=0 

00 



k=0 

= -^—Qaixq'''^)Q{bj}ix), (3.78) 

Zb - Zf 

where we used the relation 02.241) . Then we find 

Y\ Ba {Xq~ ^'T"' ) . l{bl,b2,-,bm),{flj2,-,fn)(^Q^ ^ ^(fel,62,.-,bm),(/l,/2,-,/n)(^2;), 

a&BmUFn 

(3.79) 

n B^ixq'-^-^'^^n ■ t(''-''--'^-)'(/-/--'/")(0) = t(f-''--'^-)'(/-/--'/")(a;). 

aeB^UF„ 

(3.80) 

Thus our formulae in this paper are the Yang-Baxterization of the (super) characters 
of representations of the subalgebras gl{m\n) of gl{M\N) by the operators {Ba(x)} 



^'^A merit of this type of formula is that it contains only one term, and thus is easy to evaluate. 
The traditional form of the eigenvalue formula by the Bethe ansatz (such as the one in section 2) 
contains an infinite number of terms if the auxiliary space is an infinite dimensional space, and thus is 
not always easy to evaluate. Some discussions on T-functions for infinite dimensional representations 
(in relation to the AdS/CFT correspondence) can be seen, for example, in Appendix B of [35] and 
section 6.4 of 114]. 
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and {Btt(a;)}. The g-characters, which correspond to the T-functions, appear in the 
kernel of the Frenkel-Reshetikhin screening operators [l3j. The transfer matrices for 
Y{gl{M\N)) were also written in terms of a certain "group derivative" [19] on the 
(super) characters of representations of gl{M\N). It will be interesting to investigate Ell 
connection among our operators and the operators in [l3l [T9] . 



4 T-functions for typical representations 

The type 1 quantum superalgebra Ug{gl{M\N)) (or Ug{sl{M\N))) admits a one- 
parameter family of finite-dimensional irreducible representations, which correspond 
to typical representations (see Appendix E])- Thus the evaluation representations of 
Ug{gl{M\N)) (or Ug{sl{M\N))) based on the above mentioned representations depend 
not only on the spectral parameter but also on another continuous parameter. There 
are i?- matrices for this family of representations [58] . In [8] , we proposed T-functions for 
a wide class of such representations from the analytic Bethe ansatz (see also, [9l[59|[39]). 
Here we briefly comment on how to obtain the T-functions for such representations in 
the auxiliary space from our Wronskian-like formulae. 

The determinant formula ( 13.16^ factorizes if ^m,n = m + 1 {fim+i ^ n < fim): 

T^-^"{x) = n n - ^/?)Tf'"''(xg-t+^Ui-Mi)T;'^"(xgf -^'"+^+'^^), (4.1) 

where r := (ti, Ts, . . . , r„) = (/ii - n, /ia - n, . . . , /i^ - ra) and r] := {rji, rj2,...,%'^) = 
{fim+i, ■ ■ ■ il^^i')- Let US cousidcr a generahzation of the above relation. Due to 

the relations (1C.3P and (10.40 . the following relations hold for Ci, C2 G Z>o: 

Tf™'^x) = [ n Tf'-^a;g"^^+(i-^^i.°)(-^-)), (4.2) 

\a6-Bm / 

T^f (^) = { n (-^/^)) T;'^"(xg--(-^-o)(--")), (4.3) 

where t^^ := {n + Ci, rs + Ci, . . . , r„ + Ci) and 17^2 := ( r^,n, . . . , ri , 771, t]2, . . . ,7]^,'^). Let 
US assume m,n & Z>i. Combining (14. ip . (14. 2 p and ( 14. 3p . we obtain 

tz""i^) = f n f n (-^/^)) n ik-- - 

X Tf'"'\xg~t+/^Ui-K-^i-«)Tj'^"(xgt-''"'+i+'^i+^i+'=2), (4.4) 



■^^One thing we should do may be to apply the "group derivative" in [19] to the formulae for a: = 
in this paper. 
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where /Xc^.ca := (/ii + Ci,/i2 + Ci, . . . , /x^ + Ci, n, w, . . . ,n, fJ-m+i, fi'm+2, ■ ■ • , A^/ii)- Similarly 



C2 

we obtain 



n f n (-'A n n - 



In particular for fi = (ra™") {t = rj = ^) case, these relations reduce to 



' ((n+ci)™,n'=2)l-^J 



n f n (-^z^)) n n - 



X QB„(xg'^+^^+^^)Qp„(xg-"^-'^i-'^^), (4.6) 



X QB„(xg-'^^=^-=^)Q^„(xg^+^^+^^). (4.7) 

There relations (14. 6 p and (14. 7p are generalization of the relations (I3.46p - p.49p . The 
right hand side of the above relations (14. 4p , (14. 5 p , (14. 6 p and (14. 7p make sense as a func- 
tion of X, Ci and C2 even when ci or C2 are not integers. And for (m, n) = (M, A^), these 
should be interpreted as a T-functions for the typical representations (see Appendix 

ED- 

Next we shall mention relation between (14. 4p and our previous results [8j . Combin- 
ing (14. ip ioT ji = fi = (/ii, /i2, . . . , Urn) and (14. 4p . we obtain 

^ QF„(xg^-t+^i-K"Ci-c2) ' (^-^^ 

^ ^ 

where we used the relation T0' "(x) = QF^i^l^^)- can rewrite the above relation 
via the relations (I2.46P and (I3.68P as 

^B^xF . / 1-r W rr r ^ \ QB^uFA^q—^^'-^^-'-'-'') 



Qb^ufA^Q 



X 



QF„(a;g^-t+'^i-^i+^^+^^)-B™xF„ 



3„ J-;'"'^^"(xg™-'^i----)^,^"(xgf+'^-^--+-+-). (4.9) 

QF„[xq 2 2+'*i ^1 ^2j 

We find that ( 14. 9p for (m, n) = (M, A^) and C2 = essentially corresponds to the 
T-function for the typical representation written in eq. (3.23) in |S]. 
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5 Baxter equations 



The Baxter equations are difference equations whose solutions give the Baxter Q- 
functions. The Baxter equations in question are the equations for the Q-functions 
{Q/(x)}, {Q/(a;)} of the same "level" Card(/) = 1. Discussions on the Baxter equations 
for superalgebra related models can also be seen in |29l |60l [15]. 

Once Wronskian-type determinant formulae are established, the Baxter equations 
can be derived easily. In essence, the following Baxter equations are based on a basic 
theorem on the linear algebra: if two different lows or columns of a matrix coincide, the 
corresponding determinant vanishes. Thus one can derive the Baxter equations directly 
from the Wronskian-like formulae fl3.15p - fl3.16p related to typical representations as 
follows: 

m 

5^(-^fc)-"Tj-^';„^„_)(xg-("-™)^-«-^-'0QfcN^^ for keB^, (5.1) 

a=0 
n 

Yl % "Tfj;'5(xg('^-")^'"'«+'5-«)Qfc(xg2-f -¥) = o for ke F^, (5.2) 

a=0 

and 

m 

Y,i-^kr''T^^:f;^.^^^..^{xq^'^^^^^^ for keS^n, (5.3) 

a=0 

n 

^rTf„'::'5(^9"^"""^''"''^'"''')Qfc(a:g-'"+'^+^) = for ke F^, (5.4) 

a=0 

where ((n + l)^n'"-'*) = {{n + 1)™) at a = m, and (n*") at a = 0; (n"',a) = (a) at 
m = 0; (ra'") = at n = or m = 0. These are finite order linear difference equations 
on the Baxter Q-functions. Note that (15. ip and (15. 2p (resp. (15. 3 p and (15. 4p ) share 

the functions Tf„-f (x) and tJ(™;^';„)(x) = { n^r^J-'^) } "^fn'^'+")(^) (^^sp. Tf;:f (x) 
and T;;:;^).)(x) = {n^S^ } Tf.':^")!^))- The functions Tf-„f (x), J^^l^^ix) and 

T^^fi)m){x) can also be written in terms of tS''^'^'"'^"(x) or tF'^'"'^"(x) through flOHD . 
f l2.36p . f l3.67p . The equations f l5.ip - fl5.4p for {m,n) = {M,N) are the Baxter equations 
for Uq{gl{M\N)). These equations for m < M,n < N are in the intermediate steps of 
the Backlund flows. In addition, = and (m, n) = (M, 0) case of (15. ip and (15. 3 p 
correspond to the Baxter equations for Uq{gl{M)) (cf. |25l 128]). 

One can also factor out overall factors in f l5.ip -f l574l) based on the formula (14. ip (and 

32if (m,n) = {M,N) 
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the same type of formula for T^'"'^"(x)) as follows: 

^(-Zfc)-«Tf™f N-»-''-o)Qfc(xg-2'^+f ) = for e S^, (5.5) 

a=Q 
n 

I]%"Tj;^"N"^'"'")QfcN'""^) = (5.6) 

a=0 

and 

m 

J](-^,)-'^Tfi:;\a;g«+<°)Q,(xg2"-f)=0 for k e B^, (5.7) 

a=0 
n 

E^fc""Tj;["(xg-"-^-°)Q,(xg-2'^+t) = o for k e F^. (5.8) 

a=0 

These are also kinds of Baxter equations, but in the intermediate steps of the Backlund 
flows except for the case N = and (m,n) = (M, 0), or M = and (m, n) = (0, N). 

There is another type of Baxter equations, which follows from the kernel of the 
non-commutative generating series f l2.37p - p.40l) . In contrast to the above equations, 
this type of Baxter equations has an infinite number of terms. This is because that 
the non-commutative generating series of the T-functions are infinite order difference 
operators. This situation is similar to other quantum affine (super) algebras cases such 

as C/,(i?£^ U.iD'i;) U,{D^S+i), M^T) ina, U,{cm>mm) [eSjB, where 

the non- commutative generating series of the T-functions are infinite order difference 
operators and Wronskian-like formulae for the T-functions have not been established. 
In this paper, we have overcome this difficulty for Uq{gl{M\N)) case. Thus our ex- 
ample on Uq{gl{M\N)) will be a good reference to find |55] finite order Baxter equa- 
tions and Wronskian-like formulae for T-functions for more general quantum affine 
(super) algebras. 

We have also derived a determinant form of finite order Baxter equations based on 
conserved quantities in Appendix [Dl 

6 Discussions 

In this paper, we assume that the deformation parameter q is generic. If g is a root of 
unity, the Baxter Q-function becomes a periodic function of x. Thus, through our new 
Wronskian-like determinant formulae of the T-functions, one sees that the quantum 
group truncation occurs in a very different way than for the bosonic algebra case. 
Namely, the T-function Ti°'''^™''^"(x) may vanish for some s or a for m, > case if 

'^'^Uq{osp{l\2N)) case is an exception, where the T-function is similar to Uq{A^2N) case. 
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the twist parameters are also proportional to appropriate roots of unity. Note that 
truncation occurs only on the variable s for n = case. 

We have proposed various formulae for the Baxter Q-functions and the T-functions. 
It is important to realize these as operators. Of course, the same formulae hold true for 
both operators and their eigenvalues since the Baxter Q-operators and the T-operators 
belong to the same commuting family of operators. So far, realizations of the Bax- 
ter Q-operators based on the g-oscillator representations of the quantum affine (su- 
per) algebra, which are relevant to our formulation in this paper, are available for 
Uq{si{2)) [26], Ug{sl{3)) [27], Uq(sl{M)) [2H], Uq(sl{2\l)) [21], and the general case 
Uq{gl{M\N)) (or Uq{sl{M\N))) is under investigation [55]. Although the identities 
among T and Q-functions in this paper are combinatorial ones and hold true inde- 
pendent of the representation theory, it is also important to establish connection to 
the universal i?-matrix and to prove our new formulae from the point of view of the 
representation theory. 

The supersymmetric Bazhanov-Reshetikhin formulae (eqs. (I2.35p - (l2.36p for K = 
M + N) [El IZl IE] played an important role to derive [13] (see also [64]) a system of 
nonlinear integral equations (NLIE) for the free energy of integrable spin chains at 
finite ternperature, which is equivalent to the thermodynamic Bethe ansatz (TBA) 
equation o, from the T-system fll.ip - fll.4p [6l[71[8]. Then a natural question is whether 
the Wronskian-like determinant formulae are also useful to derive the NLIE. There is 
another type of NLIE [66j, which is equivalent to the TBA equation. To generalize this 
type of NLIE to models whose underlying algebras have arbitrary rank is not always 
an easy problem as one needs considerable trial and errors to find auxiliary functions 
with good analytical properties which are needed to derive the NLIE. Although the 
F-system itself is not truncated to a finite set of functional relations for generic q, an 
introduction of appropriate auxiliary functions modifies [67] the F-system to a finite 
set of functional relations, which is suited for the NLIE. So far this type of NLIE is 
known for at most rank 4 case [68]. We expect that some of our formulae in this paper 
are also useful to construct auxiliary functions for this type of NLIE for arbitrary rank. 
One can easily transform the T-system into the F-system based on a transformation on 
the T-functions (to the "F-functions"), as in [12]. This type of transformation (applied 
for fl3.58p - fl3.65p ) also induces a system of Backlund transformations for the F-system. 
Thereby Backlund transformations for the TBA equations are obtained. Our formulae 
for the T-functions ji"^'"'""^'' (x) and ji"^'"'""^'' (x) (or F,^"^'' (x) and F^f'\x) ) will be 
convenient to check analyticity of the F-functions for these Backlund transformations. 

Our new formulae in this paper have potential applicability to the analysis of the 
AdS/CFT T-system (or the F-system) [ISldT], after some modifications. Note that 
many formulae in this paper do not depend on precise function form of the Baxter 
Q-functions. The modifications should be done so that the Baxter Q-functions are 
compatible with the Bethe ansatz equation in [HS] (for large L). We also expect that 

^^TBA equations for gl{M\N) related rational models were written in [65l. 
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this is also the case with the Hubbard model. 

To generalize our formulae to mixed representations is also an important problem. 
So far, the supersymmetric Bazhanov-Reshetikhin type formula for a simplest case was 
written long time ago (cf. eq. (4.1) in [6]), but more general case is under investigation 
[55] . We expect that the (super) character formulae for the mixed representations of 
gl{M\N) also allow the Yang-Baxterization by the Baxter Q-functions (or Q-operators). 

The representation theory of the quantum affine superalgebras is not always well 
understood even in finite dimensional representations case. In this concern, to gen- 
eralize our formulae in this paper to other quantum affine superalgebras such as 
Uq{6sp{M\2N)), Ug{D^^\2,l] a)) etc. is interesting not only in the study of the in- 
tegrable system but also in the representation theory in mathematics. Tableaux sum 
expressions for T-functions, some supersymmetric Bazhanov-Reshetikhin-like formulae 
for fusion models and the T-system are available for Uq{osp{M\2N)) [63] case, and 
this will be a starting point to establish [55] Wronskian-like formulae for T-functions 
or g- (super) character formulae for the general quantum affine superalgebras. 
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Appendix A. Representations of the superalgebra 

In this section, we briefly mention representations of the superalgebra gl{M\N) 
and their characters. There are a lot of literatures on this subject (see for example, 
[701 [211 [221 E3]). 

There are several choices of simple root systems {ai,a2, ■ ■ ■ ,aM+N-i} depending 
on the choices of the Borel subalgebras. The simplest system of simple roots is the so 
called distinguished one. It leads as follows 

ai = ei-€i+i, 2 G {1,2, . . . ,M - 1}, 

an = (^M - Si (A.l) 



35 "Finite-size Technology in Low Dimensional Quantum System (IV)", APCTP (Pohang, Korea), 
June 2008, http:/ /wimn.ewha.ac.kr/focus20087] ; a meeting of the Physical Society of Japan, Septem- 
ber 23, 2008. 
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aj+M = 5j - j G {1, 2, . . . , - 1}, 

where ei, . . . , ejv/, ^i, • • • , ^at are the basis of the dual space of the Cartan subalgebra 
with the bihnear form ( | ) such that 

(e,|e,) = (e,|5,) = (5,|e,) = 0, = -5,,. (A.2) 

{oii}i^M are even roots and au is an odd root with {aMWu) = 0. 
Any weight can be expressed in the following form: 

M N 

A = ^ A^e, + AjSj, Ai,Aj G C. (A.3) 
i=i j=i 

There is a class of irreducible tensor representations of gl{M\N) whose highest weight 
A is characterized by the Young diagram /i = {fii, fi2, . . .), (/ii > A''2 > ■ ■ ■ > 0, 
/iAf+i < N) in the (M, A^)-hook (see Figure [I]): 

Ai = Ui for 1 < i < M, 

(A.4) 

Aj = r]j for 1 < j < A^, 

where rjj = max{/i^- — M, 0}. There is a set of parameters [bi, 62, • • • , bM+N-i], called 
the Kac-Dynkin label of A, defined by 

{A\aj) for {aj\aj) = 0. 

An irreducible representation with the highest weight A is finite dimensional if bj G Z>o 
for all j 7^ M, and bM ^ 'C. The Young diagram is related to the Kac-Dynkin label as 
follows: 

bj = fij — for 1 < j < M — 1, 

bAi = fiM + r]i, (A. 6) 

bj+M = Vj - Vj+i for 1 < J < ^ - 1- 

Let A be a real dominant weight. An irreducible representation of gl{M\N) with the 
highest weight A is called atypical if 

{A + p,ei- 5j) =0 for some (i, j) : 1 < i < M, 1 < j < A^, (A.7) 

and typical if there is no such {i,j). Here p is the graded half sum of the positive roots: 

M N 

p = - J2{M -N-21 + l)e, + - ^(M + AT - 2j + 1)5,. (A.8) 

i=i j=i 
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Thus the aforementioned irreducible tensor representation is typical if fiM > N, and 
atypical if < N. 

There is a large class of finite dimensional typical representations, which is not 
tensor-like. For example, for the above mentioned typical irreducible tensor represen- 
tations with the highest weight A, there is a one parameter family of irreducible typical 
representations with the highest weight 

A(c) = A + cui, (A.9) 

where wi = ei + e2 + ■ ■ ■ + ca/- Note that the M-th Kac-Dynkin label 6m = fiM + ?7i + c 
is not an integer if the parameter c is not an integer. One may generalize the above 
representation to the one with the highest weight A(ci,C2) = A -|- ciUi + C2UJ2, where 
U2 = Si + 62 + ■ ■ ■ + Sn- The Kac-Dynkin label of A(ci, C2) depends only on ci + C2, 
and coincides with that of A(ci + C2). In this sense, this representation essentially has 
only one parameter. These parameters Ci and C2 correspond to the ones in section |H 

There is a gl{M\N) analog of the first Weyl formula, called the Sergeev-Pragacz 
formula [22]. It is an alternative representation of the supersymmetric Jacobi-Trudi 
formula, which corresponds to a gl{M\N) analog of the second Weyl formula. Let us 
take a non-skew Young diagram /x. Then the Sergeev-Pragacz formula has the following 
form 





M-1 


N-1 




sgn((T) a 




-'iiyr 


n (^i-yj) 


CtGSm X S]\j 


i=l 







i<j i<j 



(A.IO) 



where the third product in the numerator is taken over all boxes G /i of the Young 
diagram fi. We assumed that Xj = Oifi>M-|-l and yj = Oifj>N+l. The notation 
Sm (resp. Sn) denotes the symmetric group of order M (resp. A^). The symbol cr[. . .] 
stands for the action of the permutation a, namely the Weyl group of gl{M\N), on the 
variables xi, . . . ,XM,yi, ■ ■ ■ ,yN in the square brackets. This formula (1A.10I) gives the 
(super) character of the above mentioned tensor representation labeled by the Young 
diagram fi if the variables are identified with the formal exponentials: Xj = e'^^ for 
j e {1,2, . . . M} and yj = e^^ for j e {1,2, . . . N}. The Wronskian-like formula flSTTSj) 
(or dSISD) at {m,n) = {M,N), {h, . . . ,bM, fi, ■ ■ ■ , In) = (1, 2, . . . , M + AT) and x = 
coincides with the Sergeev-Pragacz formula (lA.lOp . where the variables Xi, . . . ,xm and 
yi, . . . ,yN are related to the variables zi, . . . , zm+n in the main text as xj = zj for 
j G {1,2,... M} and yj = zj+m for j G {1,2,... A^}. This coincidence was proved in 
section 5 in [23]. 



^^If the atypicality condition (jA.7p holds, this representation will be reducible (but in general 
indecomposable) . 
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We note that the sign of the variables yi, . . . ,yN in |22| is opposite to our definition. 
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The representation theory of the quantum superalgebra Uq{gl{M\N)) for generic q 
is similar (see for example, [71]) to that of gl{M\N). The atypicality conditions for 
both cases are the same. And the (super) characters are also the same. 

To make discussions complete, we should mention the representation theory of 
Uq{gl{M\N)) (or its Borel subalgebra). This is realized in combination of the evaluation 
map from (a Borel subalgebra of) Uq{gl{M\N)) to Uq{gl{M\N)) and representations 
of Ug{gl{M\N)). We expect that the functions T^«^-^^(x) and T^"' "^(x) come from 
two different evaluation maps (see eqs. (4. 14)- (4. 18) in [27], and also [28]). g-oscillator 
representations are also needed to describe the Baxter Q-operators (cf. [26l [271 EHl 
[21]). We would like to postpone these issues to a separate publication [55], where the 
functions in this paper will be realized as operators. 



Appendix B. On the normalization of the Baxter 
Q- functions 

Let us renormalize the Baxter Q-function for any / C J as: 

so that Qi{x) is a polynomial of finite degree (or an entire function of x): 

n f 1 - 4) for / ^ 0, a, 

f=\ V (B.2) 

for / = 0, 3. 

Here the function 0/(x) (vacuum part), whose precise form will be fixed in what follows, 
does not contain the roots of the Bethe ansatz equation. In our normalization, it 
satisfies 0/(0) = 1. Then the functional relations fl2.17p -( l2TT8l) are modified toE§ : 

{zi - Zj)Qi{x)Qiu{i,j}{x) = Zi^^j'^\x)Qiu{i}ixqP')Qiu{j}{xq~^') 

-Zj<^\'''\x)QIu{^}{xq'^')QIu{J}ixq^') for Pi=Pj, (B.3) 

{zi - Zj)Qiu{t}ix)Qiu{j}{x) = Zi^^j'^\x)-^Qj{xq-P^)Qiu{i,j}ixqP^) 

-z,<i>f\x)''Qj{xqP^)Qjui^,,}{xq-P^) for = -p„ (B.4) 

where we set 




Pi-Pi 



^/ [^) - - , p^+p, . ■ ^^■^) 

0/u{i}(a;g ^ )0/u{i}(a;g ^ ) 
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Compare f(BA^ with eq. (7.18) in '39'. 
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Taking note on the zeros of the Baxter Q-functions flB.2|) . one obtains Bethe ansatz 
equations from the functional relations (IB.3p -( lR4|) : 



PiaZia Qi,^_,{x'fq-P^^)QiSxfq'^^'^)Qia+A^Yl 
for J G {l,2,...,n/J and a G {1, 2, . . . , M + - 1}. (B.6) 

Left hand side of the above equation (1B.6P should have a standard form of the Bethe 
ansatz equation ( cf . [IZl H [721 El SSI EH]) 



^a+iixfq^^^'^"') PiaZia Qia-.{x'fq-P^a)Qj^{x'fq^P^a)Q,^^^{x'fq 

for j E {l,2,...,nij and a e {1,2, . . . , M + N - 1}, (B.7) 

where the function $a(x) has, for example for the Perk-Schultz model [171 [TO] , the 



following form 



<^a{x) = \{[l-^-^ . (B.8) 



k=l 



Here L is the number of the lattice site and Wk is an inhomogeneity on the spectral 
parameter. Thus 4>i^{x) must satisfy the following functional equations. 



for aE{l,2,...,M + N -1}. (B.9) 



■^^For more general quantum space with the highest weight J2jLi "^'j'^^^j + J2f=i ^j+M^i ^^"^ each 
site (fc = 1,2, . . . , L) of the quantum space, we expect that the function has the following form: 



$a(a;) — Y[k=i { 1 ~ ~ — w" ) • There will be an another form of the vacuum part, where the left 



hand side of (IB. 71) has the form — / z — ■ Here we set $a(a;) — TTi—i I 1 



The left hand side of the Bethe ansatz equation for ^a{x) is speculated by applying a method in 
|20j to a (non-skew) Young diagram, where Drinfeld polynomials can be obtained; while the one for 
$a(a:) is speculated by applying a method in [3D] to 180 degrees rotation of this Young diagram. See 
a remark in section 7 in |39| . We expect these come from two different evaluation representations of 
Uq{gl{M\N)), commented in Appendix El for the quantum space of the models. A precise description 
of these issue will need detailed Bethe ansatz calculations based on the representation theory of the 
quantum affine superalgebra, and is beyond the scope of this paper (cf. [48) ) . 
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One may solve f lB.Op under the condition |^ (pio (x) = ^Im+n (^) — ^ 'Pia (0) = 1 



for < a < M + A^, M 7^ iV. This corresponds to impose both ^QM and f l230|) . For 
example for the Perk-Schultz model, we have the following solution of ( IB.Op . 

Mx) = ll . iu-Z^J,., , for aG{l,2,...,iV + iV-l}, (B.IO) 

^=-1 V "'^ /oo 

where we assumed \q^^~^\ < 1 (the case \q^~^\ > 1 will be similar) and introduced 
a symbol (a; g)^ = nfelo(-'- ~ o.g'^). It is interesting to see that cancellation occurs in 
(iRTOj) for any a HM-N = ±1. For example, for (M, N) = (2, 1), p-^ = p2 = l,p3 = -1 
case, we have 

(f){i}{x) = (j){2}{x) = 1, <f>{3}{x) = f{xq'^)f{xq), 

1 

fix) 



[i,2}ix) = — -, 0{i,3}(a;) = 0{2,3}(a;) = fix), {B.ll] 



where f{x) := 11^=1(1 ~ x/wk). This agrees with the result in |25 (see eqs. (2.87) 
in [21]). Now the Baxter Q-functions Q/(x) are meromorphic functions of x, while 
Qi{x) are polynomials (or entire functions) of x. The Baxter Q-functions Q/(x) with 
both the conditions (12.91) and f l2.10p for M ^ N will be in the normalization of the 
universal i?-matrix. 

Appendix C. Proof of the functional relations 

We will use the following lemma in the proof. 

Lemma 6.1. The following relations hold for the determinant (13. 4p . where m + a = 
n + (3. If there is k (1 < k < P) such that Sk = 0, then we have 

^(/i,/2,...,/„),(si,s2,...,s0)i^^ J - I ^) Zb^zb2---Zb (hj2,-,M,(si+i,s2+i,...,s0+i)y^) y^-^) 

under the relation (I2.22p . // there is k (1 < k < a) such that = 0, then we have 

\(bi,b2,...,bm),{ri,r2,...,ra)/ ^2\ _ /i ^^a ^bl^b2 " " ' ^b,n (bi,b2,---,fem), (''1 + 1,^2+1,. ..,ra+l) ^^^^ 
^(Jlj2,-,U),(si,S2,-,Sp)y^^ ^) ^ _ ^{hj2,...Jn),{si-l,S2-l,...,Sp-l)y^) 

(C.2) 

under the relation (I2.22p . One can also derive similar relations for (13.50 by q q^^. 
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In general, one will need the inverse matrix of a q-deformed Cartan matrix of gl{M\N) to solve 



(|B.9p . However, the Cartan matrix oi gl{M\M) is degenerate. Then we imposed a condition M ^ N. 
As for the case M = N, one will have to relax the condition 4>ia{x) = 1 or <f>iM+N{^) = 1- 
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In particular form = /3 = 0ora = n = 0, the following relations hold for any 

ceC: 



0,(ri+c,r2+c,...,r„+c) 



X] 



A 



,(si+C,S2 + C,...,Sm+C)\ I V Ol 02 OmI 0, (si ,S2 , ■ ■ ■ >Sm) ^ ^ ' 



(C.3) 
(C.4) 



For any mxn matrix, we will write a minor determinant whose ji,j2, . . . , Jo-th rows and 

fci , /c2, • • • , fc«-th columns removed from it as D ' ' ' ' 

' ' ' ^ [ki, k2, ...,kp 

jl < j2 ■ ■ • < ja and ki < k2 < ■ ■ ■ < kp. We will use the 

determinants. 



, where m—a = n—fS, 
'oUowing identities for 



D 



D 



D 



Jl, 32 



D 


J3, J4 


-D 


jl, J3 


D 


J2, J4 




Jl, J4 


D 


J2, J3 



0, 



^3, ^4 



ki, ks 



D 



k2, k4 



+ D 



ki, k4 



D 



ko, k?, 



Jl 



D 



J2, J3 

ki 



D 



32 



D 



D 




D 


jl 

_k2, k3_ 


-D 




D 


D 




D 


jl, J2 

_ki, k2_ 


-D 


Jl 


D 



Jl, J3 
k, 

jl 

ki, ks 



+ D 



33 



D 



Jl, J2 

ki 



32 

k2 



+ D 



D 



Jl 
k2 



^3, 

D 



D 



32 

ki 



Jl 

ki, k2 
= 0. 



(C.5) 

= 0, 
(C.6) 

(C.7) 
(C.8) 
(C.9) 



(IC.Sp -f lUTSj) are specialization of the so-called Pliicker identity, and fIC.Qp is the Jacobi 
identity. We remark that some Pliicker identities on supersymmetric polynomials were 
also discussed in [731. 



C.l Proof of Theorem [3:21 



We will prove Theorem 13.21 for fl3.22p . The proof for f l3.23p is similar to the one for 
(13. 22 p . Let us introduce a notation: 



[1,2, . . . ,m — n) for m — n > 0, 
3 for m — n < 0. 



(C.IO) 



That f[3:22|) satisfies f l2Trp - f[2:T8|) for / = 5^ U F„ is equivalent to: 

-Zb ^,Ap'"+^''"-'"+Vxg-^)A?'",^^''"+'^''"-'"+Vxg) (C.ll) 
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for i = bm+lj = hm+2] 



rn,lm,n ^ ^ ' -f n + 2 ,-'m,n+2 ^ + i , Jm^„_|. 1 V ^ / -T n X (/„ + 2 j i-'m,n+ 1 ^ 

- 2. ^^aJ'-'V''" MAp'-'^^^'™ , (xg-^) (C.12) 

for % = /n+l, j = /„+2; 



for i = j = /„+!• 

We have to consider the following nine cases since the (m, n)-index (13. 6p for /i = 
depends on m,n: for ( IC.llI) : (i.l) m > n, (i.2) m = n — 1, (i.3) m < n — 2; for 
flcn2l) : (ii.l) m < n, (ii.2) m = n + 1, (ii.3) m > + 2; for flClT^ : (iii.l) m > n + 1, 
(iii.2) 171 = 11, (iii.3) m < n — 1. We find that the proof of the case (ii.l) is similar 
to the case (i.l); the case (ii.2) is similar to the case (i.2); the case (ii.3) is simi- 
lar to the case (i.3). So we will treat (i.l), (i-2), (i.3), (iii.l), (iii.2), (iii.3) in what follows. 

(i.l) (]C.11|) for the casern > n 
In this case f IC.lip reduces to 



F„, [1,2,. ..,m—n)\ ^1 F„,(l,2,...,m— n+2) \ ^ > 

= zt, ,iA^™+/'^ ^,Jxg)A^™^^'"+^)'® ^^Jxg-^) 

Om+l F„,(l,2,...,m— n+l) V ^/ F„,(l,2,...,r?i— n+l) v ^ / 

- ^^^.AlT^lLrn-n-,,)^^^^^^^ (CM) 

Due to fIC.ip . this is identical to the following relation: 

^F„,(l,2,...,m-n)V'^/^F„,(0,lv-,'n-n+l)V-^/ ^Fn,(l,2,...,m-n+l) V-^/^Fn,(0,l,...,m-n) V"^/ 

-A^^+^f Js)A^'",';(^+^)'® ,,(x). (C.15) 

F„,(0,l,.--,'Ti— n) \ ' F„,(l,2,...,m— n+l) \ ' ^ > 



This is nothing but the Jacobi identity ( IC.Qjl . 



(i.2) ( IC.lip /or i/ie case m = n — 1 
In this case ( IC.lip reduces to 



- ^,„,,A?:-;J(xg-^)A?:;/;--)'^xg). (C.16) 
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a=l 



Let us expand the determinants Ell in the left hand side of the above relation: 

m+l 



m+l m+2 



m+2 



13=1 



m+l 



a=l 



Q{i,^,/,}(^9) 

Q{6fc./;}(^'?~') 



l<fc<m, 
l<i<m + l 



KKm+1 



l<k<m + 2, 
l<l<m + l 



Q{fcfc./c}(^g ') 



l<fc<m+2 ' 

(C.17) 



where we introduced a notation Bm+2\bi3 = b2, ■ ■ ■ , &/3+1, • • • , bm+2), and used 
the functional relation f l2.22p . The determinant | - ■ - j in the first summand in the right 
hand side of ( 1C.17P vanishes for /37^m + l,m + 2asit has two identical rows. The 
determinant in the second summand vanishes as it has two identical columns. Then 
the right hand side of (1C.17P reduces to the right hand side of (lC.16p . 

(%.3) flOTT]) for the case m<n-2 
In this case (IC.lip reduces to 



^Bm+i,(l,2,...,n-m-l)^_^^>j^B„x (fe„+2),(l,2,...,n-m-l) 



— Zi, , ,A 



{xq 



-l\ A -BmX{6„+2),{l,2,...,n-m-l) 



Due to flC.2p . this relation can be modified to: 



{xq). (C.18) 



^Sm,(0,l,...,n~»n-1) / X ^_Bm+2,{l,2,...,n-m-2) ^ 



X] 



A 



B™+i,(0,l,...,n-m-2) 



x)A 



-BmX{6m+2),(l,2,...,n-m-l) 



^B„+l,{l,2,...,n-m-l)/ x^_B„x(6„+2),(0,lv-,«-m-2)/^\ /q ]_g\ 



^""^ In Appendix [C] we will use the following notation for matrices in the determinant. We use fc for 
the row index and I for the column index. Thus {a.k,i) is a matrix whose fc-th row and Z-th column 
element is ak,V^ (flk) is a column vector; (a/) is a row vector. 
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This is nothing but the Pliicker relation (IC.Sp . 



(iii.l) ( ]C.13[) for the case m > n + 1 
In this case, (IC.ISP has the form: 



Fn,{l,2,...,m-n+l)^^^ ) ^ F7+i,{l,2,...,m-n-l)(^^) 



'^Om+i'^F„,(l,2,...,m-n) 



F„+i,(l,2,...,m,-n) 



Jxq-'). (C.20) 



Due to (IC.ip . this relation reduces to: 



Bm,0 



F„,{0,l,...,m~n)\-^)^F„+i,{^,2,--;m-n-l) 



X 



.•^J ^F,,(0A,-,m-n-l)y-^)^F„+i,{l,2,...,m-n) ^ - 

-Af";?, Jx)A^'"+^;;, (C.21) 

F„,(l,2,...,m— ra) V / F„+i ,(0,l,...,m— n— 1) V / V ' 



This is nothing but the Pliicker identity (IC.Sp . 



(in. 2) ( ]C.13I) for the case m = n 
In this case, ( 1C.13I) has the form: 



A?-lf (xg-)A?:f = At::(xg-^)A?:-;;(xg) 



Let us expand the left hand side of (1C.22I) . 

m+l 

Jxq) 



a=l 



m+l 



m+l m+l 
«=1 13=1 



X E(-l)^'""'"'%(-X+A/.,0^ 

/3=1 



Fm,(l 



\xq-^)A 



■Fm+l\/,3,0 



(a;g) 



m+l 



^(_l).+m+l^^^^ 



a=l 
m+l 



E(-i)'""'"'^/.aS:;a/.,.(-«) 

/3=1 



Z^,—Zf. I l<k<m. 
" ^ l<!<m+l 

^ba-^fl J KKm+1 



■^ti ~-^fi J l<k<m + l. 

" ' ^ l<i<m 



l<fc<m+l 

(C.23) 
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where we used the functional relation (12.221) . The determinant |---| in the first 
summand in the right hand side of flC.231) vanishes for a 7^ m + 1. The determinant 
in the second summand vanishes for /3 7^ m + 1. Thus the right hand side of ( 1C.23|) 
coincides with the right hand side of ( ]C.22[) . 

(in. 3) (1C.13P for the case m < n — 1 
In this case ( 1C.13I1 has the form: 



- ^/„,.A?:;f '^'■■■--™)(xg)A?-;f (C.24) 
Due to flC.2p . this reduces to: 



_ ^■Bm+i,(l,2,...,n-m-l) / x^B™,,(0,l,...,n-m) / X _ ^3,^,(1,2,. .. ,n-ni) ^^^Bm+l,{0,l,... ,n-ni-l) /-^ 

- A?:f ^'■■■"-^)(x)A?:-f (C.25) 

This is nothing but the Pliicker identity (IC.7p . 

C.2 Proof of Theorem D 

We will prove Theorem 13.31 for ( ]3.35p . The proof for (I3.36P is similar to the one for 
(13. 35 p . For a, s G Z>i, we will prove that (I3.35P satisfies 



X] 



+ T("-i)'^'"'^"(x)Ti"+^)'^'-^"(a;). (C.26) 

This is identical to the following functional relation. 

'7;J7'^"(xg-i)7;f„7'^"(xg) = 7;f-'i^::)(a:)7;f-$)(x) + T^^I; {x)r^%^; {x) . (C.27) 

We have to consider the following seven cases since the (m, n)-index (13. 6p depends on 
m, n, a, s: (i) a < m — n, (ii) a = m — n, (iii) a — s<m — n<a, (iv) a — s = m — n, 
(v) —s<m — n<a — s, (vi) m — n = —s, (vii) m — n < — s. The proof for the case 
(v) is similar to the case (iii); the case (vi) is similar to the case (ii); the case (vii) is 
similar to the case (i). So we will treat four cases (i), (ii), (iii), (iv) from now on. 

The "duality relations" f l333|) and fl337p follow from the formulae fl3:i6|) - fl3:49|) . 
One also have to take into account reduction of the functional relation (IC.27P based 
on Lemma 1311 for (I3.5ip . (I3.52p . (I3.55P and (13. 56 p . and Theorem 13.21 for the boundary 
conditions ( Km . (13381) . ( 1339|) and ([330]). 

(i) The case a < m — n 
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Due to (IC.ip . (IC.27I) is identical to the following relation. 



ABm,0 (X]A^""'^ (X) 

Fn, (1,2,. ..,m—n—a,m—n—a+s+l,...,m—n+s)\ ' Fn,{0,l,...,m—n—a—l,m—n—a+s,...,m—n+s—l)\ > 

= A'^™'® (x)A^""'^ (x) 

F„,{l,2,...,m—n—a,m—n—a+s,...,rn—n+s—l)^ ' Fn,{^,\,...,m~n—a—\,m—n—a-\-s-\-\,...,m—n+s)^ ' 
F„,(l,2,...,m— n— a— l.m— n— a+s,...,m— n+s) V ' _Fn,(0,l,...,m— n— a,m— n— a+s+l,...,m- 



n.+s-l)(^)- 
(C.2^ 



This is nothing but the Pliicker identity (1C.6I) . 

(a) The case a = m — n 

(1C.27P is identical to the following relation. 



^F„,(s+l,s+2,...,s+a) 



;x)A 



Bm,0 

F„,(s+l,s+2,...,s+a) 



{xq' 



A 



F„,(s,s+l,...,s+a-l) 



Ax)A 



Bm,0 

F„,(s+2,s+3,...,s+a+l) 



I ^F„,(s,s+l,...,s+a)'^-^^^F„,(l,s+2,s+3,...,s+a) 



(C.29) 



Let us expand the determinants in the second term of the right hand side of the above 
relation. 



\,{s,s+l,...,s+a)\-^ )^Fn,{l, 



s+2,s+3,...,s+a) 



/3=1 



'^F„\/^,(s,s+l,..,s+a)l-^ 



E(-i)""""^Q^.(-^-^X":?::2U,....+.)(-^-') 

Q=l 



^ ^F„,(s+2,s+3,...,s+a)'.-^y > ^ F.a\f p,{'^,s+l,...,s+a)\-^ > 



a=l 13=1 



(C.30) 



(C.31) 



/3=1 



X 



X 



l<fc<m. 
l<i<n 



l<fe<m 



l<fc<m, 
l<i<a-l 



X 



l<i<ri 

' Q{fta,/i}W A 



(s+2,s+3,...,s+a) 

(0)lx(a+l) 



l<fc<m, 
l<!<a + l 



(C.32) 
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where we introduced notations Bm\ha = {bi, ■ ■ ■ , &q-i, ba+i, • • • , bm), Fn\fp = 
(/i! • • • ! //3+i! • • • ) fn), and used the functional relation fl2.22p . The determinant 
I ■ ■ ■ I in the first summand in the right hand side of ( ]C.32p vanishes as it has two iden- 
tical columns. Subtracting the a-th row from the (m + l)-st row in the determinant 
I - ■ - I in the second summand in the right hand side of (]C.32p . we get: 



(0)lx(a+l) 



^bi.—^f, J l<k<m. V bk . 

l<Z<n — — 



l<l<n — — ' 

a+1 



7=1 

Here we expanded the (m + l)-st row. Thus (1C.32P reduces to 

m 

/ \ ^1 ^''«^F„,(s+2,s+3,...,s+a)l-^y I 



a+1 



F„,(s,s+l,...,s+a)\(s+7-l) 

7=1 
a+1 

F„,(s,s+l,...,s+a)\(s+7-l) 

7=1 

2 



X 



(C.34) 



25 — 2f, / l<fc<T^ 

' KKn 



The determinant | ■ ■ ■ | in the right hand side of the above relation vanishes for 7 7^ 
1, a + 1 as it has two identical columns. Then the right hand side of ( IC.34p reduces to 



I ^) ^F„,(s+l,s+2,...,s+a)l-^^^F„,(s+l,s+2,...,s+a)l-^y ) 

-i-ir^Af:;l^,_^^^_,^ix)^^^^^^^^ (C.35) 

This proves (10291) . 

(in) The case a — s<m — n<a 
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Due to flC.2l) . flC.271) is identical to the following relation. 



^B,„,{0,l,...,n—m+a—l) 

F„,{s—a+m~n+2,s—a+m—n+3,...,s+m—n+l) 

Bm,{0,l,...,n—m+a—l) 



x)A 



-Bm, (1,2,..., 71— m+a) 

Fn,{s—ci+'m—n+l,s—a+m—n+2,...,s+m—n) 



X 



A £>m,vu,i,...,«-™-|-a-i; / \ A_Bm,(l,2,...,?i-m+a) / n 

Fn,(s—a+m—n+l,s—a+m—n+2,...,s+m—n)\ ' F„,(s— a+m— n+2,s— a+»Ti~n+3,...,s+m— n+l) V / 



^-Bm,(0,l,...,n-m+a) ^ 

F„,{s—a+m—n+l,s—a+m—n+2,...,s+m—n+l) 



x)A 



,(l,2,...,n— m+a— 1) 
F„,{s—a+m—n+2,s—a+m—n+3,...,s+m—n) 



X 



(C.36) 



This is nothing but the Jacobi identity ( 1C.9I) . 



(iv) The case a — s = m — n 

(IC.27P is identical to the following relation. 



A 



B™,(l,2,...,s)/ X * -2\ 
F„,(l,2,...,a) y-^)^F„,{l,2,...,a) l-^V ) 



Bm,{l,2,...,s). 

a) \ 

a+s+1 A -Bm,(2,3,...,s) 

^F„,{l,2,...,a-1) 



1(2,3,.'.. ,a+l)(^'? ) 



+ (-1)' 



+s+l^B™,(2,3,...,s+l) 



Let us expand the determinants in the left hand side of the above relation (IC.37I) . and 
apply ([222]). 



A 



B„,(l,2,...,s), 



Bm,(l,2,...,s) 



F„,(l,2,...,a) (^)^F„,(1,2 



-U A'S™'(2:3,...,s) 



F„\/^,(l,2,...,a) 



In A^™\''/3'(l'2,...,s) 



F„,(2,3,...,a) 



/3=1 



a=l B=l 



a+p+m+n 



^B™,(2,3,...,s) 
^ ^F„\/<,,(1,2,... 



/3=1 

l<Z<n 

Q{h^,/,}W \ 

^fc^)"^/; ) l<l<n 



{z[-'Q,,{xq^^~')) 

(O)lxa 
(0)(s-l)xa 



l<fe<m, 
l<;<a 



B™,(2,3,...,s) 
F„\/„,(l,2,...,a) 



X] 



Q=l 
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X 



' KKn 



^b^.-^fa J l<k<m 
(O).xl 



" 2<l<, 
(O)sx(a-l) 



(C.38) 



Subtracting the /3-th row from the (m + l)-st row in the determinant | - ■ - j in the first 
summand in the right hand side of flC.38p . we obtain: 



^bi ^Zr, I l<k<m, 
' ^ l<i<n 

V ^bp-^h )l<l<n 



(O)lxa 
(0)(s-l)xa 



l<fe<m, 
l<!<a 



KKn 



(0)ix„ 



(0)(.-i) 



-,21-1' 



l<k<m. 
KKa 



KKa 



-EM) 



m+l+n+7 7 



^O. |'^„27-U ABm,{2,3,...„s) 
WbglXg J^F„,(l,2,...,a)\7 



x . 



(C.39) 



7=1 



Subtracting the a-th column from the (n + l)-st column in the determinant | - ■ •[ in 
the second summand in the right hand side of (IC.SSp . we obtain 



l<l<n 



KKn 



^bf,-^fa / l<k<m 



(0) 



sxl 



(O)sx(a 



(a-1) 



(0) 



mx 1 



l<fc<s 



(O)sx(a 



(a-1) 



7=1 

Then (1C.38P reduces to 

m 

_^(_l)..n.l^^^^B.W.(lJ....)(,^-2^ 
13=1 



(C.40) 
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X 



7=1 



«=i 



X 



7=1 



^ -j ^m+n+7y^-Bm;(2,3,...,, 



)\7 



7=1 



X 



l<k<m. 
KKn 



l<k<m 



" 2<l<a 

(O)sx(a-l) 



7=1 

l<Z<n 

((-^/J"Q/.N-'^-'))l<K„ (O)lxa 



X 



l<fc<m, 
KKa 



(C.41) 



The determinant | ■ ■ ■ | in the first summand in the right hand side of ( lC.4ip vanishes for 
7 7^ a as it has two identical columns. The determinant | ■ ■ ■ | in the second summand 
in the right hand side of flC.4ip vanishes for 7 7^ s. Then the right hand side of flC.4ip 
reduces to 

- (-i)'"+"Ag;;g::;-^H^g-^)AJ:gt:^^^(x). (C.42) 

This coincides with the right hand side of (1C.37P since a — s = m — n. 



C.3 Proof of Theorem [33] 

We will prove Theorem 13.41 for fl3.35p . The proof for (13.361) is similar to the one 
for fl3.35p . For a,sE Z>o, we will prove that (13.351) satisfies (13.581) . The case s = is 
trivial. Then we consider s > 1 case. We have to consider the following six cases since 
the (m, r;,)-index (13. 6p depends on m, n,a,s: (i) a + 2 < m — n, (ii) a + 1 = m — n, 
(iii) a — s + 2<m — n<a, (iv) a — s + l = m — n, (v) — s + l<m — n<a — s, (vi) 
m — n < —s. For a = 0, the case (v) is void. 

The proof of the other functional relations is similar to that of (13. 58 p . 
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(i) The case a + 2 < m — n 

Due to ( IC.ll) . f l3.58p is identical to the following relation. 

-Fn,(0,l,...,m— n— a— 2,m— n— a+s— l,...,m— n+s— 1) V / Fn,{l,2,...,m—n—a—l,m—n--a+s,...,m—n+s—'\ 

F,i,(0,l,...,m— n— a— l,m— n— a+s,...,m— n+s— 1) V / F„,(l,2,...,m— n— a— 2,m— n— a+s— l,...,m— n+s— 1) V / 

= A'^'"'® fa;)A^'"~''^ fx) 

_F„ ,(l,2,...,m— n— a— l,m— rt— a+s— l,...,m— n+s— 1) V / F„,(0,l,...,m— n— a— 2,m— n— a+s,...,m— n+s— 1) V 

(C.43) 

For a = case, we must interpret (l,2,...,m — ti — a — l,m — tt, — a + s, ...,m — n + s — 1) 
as (1, 2, ... , m — n — 1) etc. The above relation is nothing but the Pliicker identity fIC.Sp . 

(a) The case a + 1 = m — n 

In this case, fl3.58p has the form: 

^F„,{s+l,s+2,...,a+s+l) y-^J^Fn,{s+l,s+2,...,a+s) l-^V ) 

\ ^! ^F„,(l,s+2,s+3,...,a+s+l)V"^'' -Fn,(s,s+l,...,a+s)l-^'i / 

Let us expand the determinants in the second term of the left hand side of (1C.44I) : 

^Fn,{l,s+2,s+Z,...,a+s+l)\-^ )'^Fn,{s,s+l,...,a+s)\-^^ ) 
m 



a=l 

n 

5^(-l)™+/^Q,,(a:g)A?:-^^,^^,^...,„^^^(xg^) 

13=1 



X 

13=1 



a=l (3=1 

^ ^F„,{\+2,s+3,...,a+s+l)(^)^Fr\/^'(s,s+l,...,a+s)(^^^) 

m 

I J^J ^^'Q^F„,(s+2,s+3,...,s+a+l)l-^J 

Z^^—Zf^ y l<fc<m-l. \ Ofc ^t^fcV ^ // 

1 < Z < n 

1^, ) lUjlx(a+l) 



a=l 



X 



KKa + l 
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KKn 



k ^ip / l<A:<m 



(C.45) 



where we introduced notations Bm\ba = • • • , ba-i, • • • , &m), -P^«\//3 = 
(/i, . . . , /;3+i, . . . , /n), and used the functional relation fl2.22p . The determinant 
I ■ ■ ■ I in the second summand in the right hand side of (1C.45P vanishes. Subtracting 
the a-th row (1 < a < m — 1) from the m-th row in the determinant | ■ ■ - j in the first 
summand in the right hand side of (IC.45p . we get: 



m— 1 



(s+2,s+3,...,s+a+l) 



X] 



OL = l 

Q{ftfe./,}(V) 

l<l<n 

Q{ftc..J;}(^g") ^ 



(0)lx(a+l) 



l<fc<m-l, 
l<I<a + l 



+ (-1) 



m+n+l A-Bm-1,0 / \ 

^bm^F„,(s+2,s+3,...,s+a+l)'^-^/ 



Q{i'm,/i}(V) 

^bm-Zfl J KKn 



/ l<Z<a + l 

(0)lx(a+l) 



771—1 



Bm\ba,<D 



a=l 



y~! ( l)""*'"'*'"^^^'Q^F„,{s+2,s+3,...,s+a+l)V-^; 

^ l<!<n 



l<fc<m-l, 
l<!<a + l 



+ (-1) 



m+n+l 



B„ 



Zbm'^F„,{s+2,s+3,...,s+a+l) * ^ ' 



'F„,(s,s+l,...,s+a)^ 



k H / - - 1< <a + l 

l<i<n — — ' 

(O)lxn {4:'-'Qb^{^<f KKa+. 



\a+n+l 



(0)ix„ 



^fea^F„,(s+2,s+3,.--,s+a+l)'^-^/ 



a=l 



X 



~-2f< / l<fc<m- 



l<!<a + l 



l<i<a+l 



+ (-1) 



m+n+l 



A-Bm-l,W 

'^bm^F„,(s+2,s+3,...,s+a+l)' 



(C.46) 
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Expanding the m-th row in the determinant in the right hand side of flC.46|) . we obtain: 

m 
a=l 



{s+2,s+Z,...,s+a+l)\-^) 



a+l 
7=1 

^\ ^) ^6m^F„,(s+2,s+3,...,s+a+l)'^-^^^F„,(s,s+l,...,s+a)'^-^y ^ 

a+l 

E/_.Nm+n+7ABm-l,0 / 2n 

I ^) ^F„,(s,s+l,...,s+a)\{s+7-l)l-^y ) 



7=1 

X 



\<l<n 



^ ^F„,(s+l,...,s+a)l-^y >'^F„,(s+l,s+2,...,s+a+l)'. 

^Fn,{s+2,s+3,...,s+a+l)\-^)^Fn,{s,s+l,-,s+a) 



(-l)™+"^..AJ:;,f„ ^3 .+.+n(x)A|:;«,^,...,,^.(a:g^). (C.48) 



The determinant | ■ ■ ■ | in the right hand side of (10.470 vanished for 7 7^ 1 . Then we 
obtain fICliil) . 

(in) The case a — s + 2<m — n<a 

Due to flC.2p . fl3.58p is identical to the following relation. 



^Bm,{l,2,...,n-m+a+l) / n^_B„_ i, (0,1,.. .,n~m+a) 

Fn,{m—n—a+s,m—n—a+s+l,...,m—n+s) V / Fn,{m—n—a+s+l,m~-n—a+s+2,...,m—n+s) 



X] 



_ ^-Bm,(l,2,...,n-m+a) / N^Sr„_l,(0,l,...,n-m+a+l) / n 

_ ^Bm,{0,l,...,n-m+a) / N^B^_i,(l,2,...,n-m+a+l) / \ /q 

This is nothing but the Pliicker identity (lC.7p . 



(iv) The case a — s + l = m — n 
In this case, fl3.58p has the form: 

Let us expand the determinant A^'"^^^"^2^'"'^*^-^j(x) with respect to the {n + l)-st column, 

and the determinant A^"Yj^^2^'^^y'*'*(a;q'^) with respect to the m-th row. After some 
calculations similar to the ones in the case (ii), we arrive at the right hand side of fIC.SOp . 
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(v) The case —s + l<'m — n<a — s 

Due to ( IC.ll) . f l3.58p is identical to the following relation. 

A Bm ,{n—m— s+a+3,n—m— s+a+A,. . . ,n—m+a+2) / \ a Bm—i,{n—m—s+a+2,n—m—s+a+3,...,n—m+a+l) / \ 
^F„,(0,l,---,m-«+s-l) V^''^F„,(l,2,...,m-n+s-l) 

A -Bm,(™— m— s+a+2,n— m— s+a+3,...,n— m+a+1) / \ * Bm—l,{'n—ra—s+a+?i,n—'m—s+a+'i,...,n—m+a+2) / \ 
~ ^F„,{0,l,...,m~n+s-l) V^/^F„,{l,2,...,m-n+s-l) V"^/ 

\Bm,{'n—m,—s+a+3,n—m—s+a+4:,...,n—m+a+l)/ \ 

~ F„,{l,2,...,m-n+s-l) V"^/ 

A ™— s+a+2,n— m— s+a+3,...,n— m+a+2) / \ /p, p.-. \ 



This is nothing but the Pliicker identity ( 1C.7I) . 



(vi) The case m — n < —s 

Due to (lC.2p . fl3.58p is identical to the following relation. 

A Bm,(l,2,...,n— m— s,n— m— s+a+2,n— m-— s+a+3,...,n— m+a+1) / \ 

A -Bm-i,(0,l,...,n— m— s,n— m— s+a+l,n— m— s+a+2,...,n,— m+a) / \ 

A _Bm,(l,2,...,n~m— s,n— m— s+a+l,n— m^s+a+2,...,n— m+a) / \ 

\Brn—l,{0.1,...,n—m—s,n—rn—s+a+2.n—m—s+a+3,...,n—rn+a+l) / \ 

A -Bm,(0,l,.. .,71— m—s,7i—m— s+a+2,n—m—s+a+3,...,n— m+a) / \ 

A -Bm—i ,(l,2,...,n— m— s,n— m— s+a+l,n— m— s+a+2,...,n— m+a+1) / \ p. 

X ^p.^ \X} — U. 

This is nothing but the Pliicker identity fIC.Sp . 



(C.52) 



Appendix D. Conserved quantities and Baxter equa- 
tions 

In this section, we will present conserved quantities and generalized Baxter equa- 
tions in determinant form based on a similar idea in Theorem 5.1 and Lemma 5.1 in [25] . 

(i) Formulae from (13.411) 

Here we assume that the function Ti"'''^'"'^"(x) is defined by the right hand side 
of (13.411) . A condition a — s < m — n was supposed in the left hand side of 
(I3.4ip . but now this condition is relaxed to s G C and a G Z>o. Let us introduce 
((T) + 1) X ((T) + 1) matrices xi"^'^'"'^"(x) (resp. whose element is 

given by jifij'^'-ixq-^^'-^), (resp. TS5'^"(xg^+-^)) where t,j G {1, 2, . . . , (™) + 1}. 
For any square matrix Ai, we will write a minor determinant whose a-th row and 
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(3-th column removed from A4 as D 
follows. 



(A^). Then we obtain conserved quantities as 



D 


a 
P. 




(^)) 


D 


a 
P. 


( ^^'^^'^"^ 




D 


7 
/3 






D 


7 
(3 







Theorem 6.2. For any a G Z>o and a, /3, 7 G {1, 2, . . . , (™) + 1}, the following quan- 
tities 



(D.l) 



does not depend on s. 

Let us replace r-th column of Xs"'^'^""^"{x) (resp. J7s^"'''^™'^"(x)) with 
the column vector whose z-th component is (Yl^y^i ^•yY^ii^'l'^^^^^^) (resp. 
(n,e/^7)"^QB„uF„uN2^-"^")) and write it as I^^f-^^'ix) (resp. J,^^Jf-'^"ix)), 
where i G {1,2, ... , + 1}, / C Bm and Card(/) = a. Then we obtain the fol- 
lowing lemma. 

Lemma 6.3. For any a G Z>o, s G C and r G {1,2,..., (™) + 1}, the following 
relations hold. 



det(xW'«™'^"(a;)) = det(J'i")'^'"'^"(x)) = 0, 
det(ji;)'f'"'^"(x)) = det(J-i:^f '"•''"(x)) = 0. 



(D.2) 
(D.3) 



(ID.SP for {m,n) = {M,N) corresponds to a Uq{gl{M\N)) generalization of the 
Baxter equation. 



(ii) Formulae from (13.441) 

Here we assume that the function Ti"''''^'"'^"(x) is defined by the right hand side 
of (13.441) . A condition a — s > m — n was supposed in the left hand side of 
(I3.44p . but now this condition is relaxed to a G C and s G Z>o. Let us intro- 
duce ((^) + 1) X ((^) + 1) matrices ic'f^'''""^"{x) (resp. £i"^''''"'''^(x)) whose 
element is given by j(f+i+j)'Bn.,Fn ^^^a-i+j-^^ ^^^^^^ -p(a-i-i),B™,F„^^^_a_,+j^^ ^^^^^ 

i,j G {1,2,..., (") + 1}. Then we obtain conserved quantities as follows. 

Theorem 6.4. For any s G Z>o and a, /3, 7 G {1, 2, . . . , (^) + 1}, the following quan- 
tities 



D 


a 
P. 




(^)) 


D 


a 

p. 


(£i"^''''"'^"(x)) 


D 


7 
/5. 


^j^{a),Bm,F^ 




D 


7 

p. 





does not depend on a. 
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Let us replace r-th column of /ci"'''^""'^"(x) (resp. with 
a column vector whose i-th component is {Y['y&ji~^'y)y^ji^Q^'^^^^^^) (resp. 
iU,,A-^.))-'QB^uFAA^Q-''-"^)) and write it as JC^lj-^A^) (resp. £g;^'^"(a;)), 
where i G {1, 2, ...,(") + 1}, J C F„ and Card( J) = s. Then we obtain the following 
lemma. 

Lemma 6.5. For any s G Z>o, a G C andr G {1,2,..., (")+!}, the following relations 
hold. 

det(/Ci'^)'^'"'^"(x)) = det(4'^)'^'"'^"(x)) = 0, (D.5) 
det(/Ci;^;J'"'''"(a;)) = det(4;^;f'"'''"(x)) = 0. (D.6) 

( 1D.6P for {m,n) = {M,N) corresponds to a Uq{gl{M\N)) generalization of the 
Baxter equation. Theorem 16.41 and Lemma [6.51 become trivial for m = 0. Thus these 
are peculiar to the superalgebra case Uq{gl{M\N)) ioi N > 0. 

We remark that we did not use concrete function form of Q/(x) and Q/(x) in the 
above theorems and lemmas. When one take into account the condition a — s < m — n 
in f l3.4ip or a — s>m — n in f l3.44p , one have to put @ some of the matrix elements 
in Xi'^)''''"'^"(x), J'i"^''''"'^"(x), /Ci"^'''™'''"(x) and £i"^''''"'''"(x) to 0, and needs some 
restrictions on a, s in the above theorems and lemmas. We also remark that similar 
theorems also hold based on the formulae (13.421) and (13.451) (they are related to the 
above theorems by Q/(xg^) — )■ Qj{xq~^) for any I G 3, where s is any shift of x of the 
Q- functions) . 
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